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SUMMARY

This report presents the first part of a study to implement convergence acceleration
techniques based on the multigrid concept in the Proteus computer code. The report
is in three sections. The first section presents a review of previous studies on the
implementation of multigrid methods in computer codes for compressible flow analysis.
The second section presents detailed stability analysis of upwind and central-difference
based numerical schemes for solving the Euler and Navier-Stokes equations. The last
section presents results of a convergence study of the Proteus code on computational

grids of different sizes.

The results presented in this report form the foundation for the implementation of

multigrid methods in the Proteus code which constitutes the second part of this study.



I : Review of Multigrid Methods for Compressible Flow Computation

Multiple grids were first proposed in the form of two-grid level schemes to accelerate
the convergence of iterative procedures by Southwell (1935), Stiefel (1952), Federenko
(1961), amongst others. Full multiple grid methods were introduced for the Poisson
equation by Federenko (1964) and the approach was generalized by Bakhalov (1966)
to any second-order elliptic operator with continuous coefficients. Perhaps the most
influential work on the application of multigrid methods to elliptic type problems is the
paper by Brandt (1977) which also introduced the use of local mode analysis to determine
the smoothing rates of multigrid schemes. Multigrid acceleration was also successfully
applied to the transonic potential flow equation, which is of mixed elliptic-hyperbolic
type, by South and Brandt (1976), Jameson (1979), McCarthy and Reyhner (1982), etc..

Most of the theory of the effectiveness of multigrid schemes pertained to problems with
some measure of ellipticity. However, Ni (1981) proposed a distributed correction
multigrid method based on an expﬁ&t scheme for solving the Euler equations in the
steady state. Convergence acceleration due to the multigrid scheme was by at most
a factor of 5 which was worse than typical speedup factors in applications to elliptic
equations. Furthermore the scheme was only first-order accurate and was restricted to
a CFL number of one. Jameson (1983) prbposed an explicit four-stage time stepping
multigrid algorithm for the steady-state Euler equations. The method was second-order
accurate and the limiting CFL number for stability was 2.6-2.8. The mechanism for
multigrid convergence acceleration to steady state in systems with little ellipticity is that
larger time steps can be taken on coarser grids, while still maintaining the same CFL
number, such that disturbances are more rapidly expelled through the boundaries. The

interpolation of corrections from the coarse grid to the fine grid may introduce additional
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high frequency errors which must be rapidly damped if the scheme is to be effective. Thus
a requirement of any solution scheme to be used successfully in a multigrid procedure is

that it rapidly dampens high frequency modes of the error.

Mulder presented a multigrid scheme to solve the two dimensional Euler equation with a
finite-volume method which used van Leer’s flux-vector splitting for upwind differencing
and a symmetric Gauss-Siedel method as a relaxation scheme. Multigrid speedup factors
were rougﬁly 9 and 6 for first-order and second-order accurate schemes, respectively.
Anderson et al. (1988) also found similar multigrid convergence acceleration rates in the
solution of three-dimensional Euler equations with flux-vector splitting and three different
approximate factorization schemes. Typlcally, 200-400 multigrid cycles were required
for convergence to the level of the truncation errors. An interesting result was that
although the three-factor spatially split factorization was stable only for CFL numbers
below 20, it produced the fastest multigrid convergence of all the schemes. This was

obtained at a CFL number of 7.

Jameson and Yoon (1986) presented finite-volume based multigrid methods for the 2-D
Euler equations using an ADI scheme with approximate factorization. The differential
operators were approximated with central differences with second and fourth-difference
artificial dissipation terms added for stability and convergence. It was found that implicit
fourth difference dissipation was rcquired for efficient multigrid convergence . However,
this required the solution of a block pentadiagonal system which was more expensive
than the block tridiagonal system resulting from the use of implicit second-difference
dissipation. Compared with the single grid computation the multigrid speedup factor
(based on residual reduction) was about 8 in the former and 4 in the latter. Multigrid

methods coupled with grid sequencing enabled quite rapid establishment of the solution

3
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fields, so that based on the buildup of the supersonic region, the speedup factors in the
study above were twice as large. The problem with the ADI scheme as a baseline solver
is that in three-dimensions, a three-factor split is required and linearized stability analysis
shows that this is only conditionally stable. To alleviate this problem Jameson and Yoon
(1987) devised a multigrid method for 2-D Euler equations which used the lower-upper
(LU) factorized implicit scheme of .faméson and Turkel (1981) as the baseline solver.
Yokota and Caughey (1988) have developed a similar scheme for the calculation of
three-dimensional transonic flow through rotating cascades. The scheme has only two
factors and is unconditionally stable. It is indeed very similar to the flux-vector splitting
method based on the eigenvalue factored split investigated by Anderson et al. (1988).
Their finding that although the three-factored split (similar to ADI) is only conditionally
stable, it provided a better multigrid convergence rate than the unconditionally stable
eigenvalue split method (similar to LU), is noteworthy. However, one advantage of the
LU scheme is that it requires cheaper block-bidiagonal inversions compared with block-
tridiagonal or pentadiagonal inversions for an ADI scheme. The latter is necessary if
implicit fourth-difference dissipation terms are used for better accuracy and convergence.
Caughey (1988) demonstrated that block- pentadiagonal inversions in the ADI scheme
could be reduced to scalar pentadiagonal ones by using a local similarity transformation
to diagonalize the equations at each point. Thus, the computational work was reduced
by a factor of four, and the decoupled system had similar convergence characteristics
as the original one. Caughey and Iyer (1989) applied the scheme to solve the Euler
equations for a supersonic inlet flow and found that the multigrid speedup factor was
only 2.5, i.e., somewhat less than was found in transonic and subsonic flows. Yokota,

Caughey and Chima (1988) also diagonalized the LU implicit multigrid scheme with no
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degradation in performance.

So far in this review, we have considered the application of multigrid methods to the Euler
equations or potential flow equations. Several applications to Navier-Stokes equations
for incompressible fluid flow have been reported (Vanka 1986, Philips et al. 1987,
Demuren 1989, Thompson and Ferziger 1989, Demuren 1992). The relaxation schemes
in all these applications are pressure-based in contrast to time-stepping schemes more
common in compressible flow applications. Multigrid speedup in the range of a few
percent to factors of hundreds have been reported. It is likely that in the latter cases, the
baseline relaxation scheme did not have good convergence properties for the particular
applications. However, one of the attractions of the multigrid method is that a poor
single-grid solver may actually have good high frequency smoothing properties and thus
be an effective multigrid relaxation scheme. Rhie (1989) presented a pressure-based
multigrid method for solving the Navier-Stokes equations over the range of flow speeds
encompassing both the compressible and the incompressible fluid flow. Himansu and
Rubin (1988) also presented a novel pressure-based multigrid method for the reduced
Navier-Stokes equations for compressible and incompressible fluid flows. Apart from
the obvious difficulties of the treatment of viscous terms and the implementation of a
turbulence model, the solution of Navier-Stokes equations usually requires the clustering
of grids near walls in order to resolve the boundary layer, which often increases the
stiffness of the system of equations and slows down the convergence rate of many iterative
schemes. Multigrid convergence acceleration also tended to degrade with increase in
Reynolds number. These difficulties fall under the category of problems wilth standard
multigrid methods classified by Brandt (1977) as due to the alignment of coefficients of

difference equations. He proposed to overcome the problem by doing line relaxations in
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2-D or plane relaxations in 3-D in the direction of alignment, or to perform only semi-
coarsenig of the grids in one of the directions instead of the more usual full coarsening,
which should reduce the anisotropy of the coefficients. Himansu and Rubin (1988)
implemented some aspect of both strategies with some success. Mulder (1989) considered
the problem of alignment in somewhat more details and found that semi-coarsening in
one direction was inadequate to cure it. Rather, it must be used in several directions at
every grid level. Hence, in a 2-D problem two coarse grids are created for each finer grid,
which implies that the total number of grid points and hence the operation count would
be the same at each grid level. Such a scheme would negate one of the advantages of
the multigrid method, namely, that all the computational work in performing relaxations
on coarse grids was cheaper than comparable work on the finest grid. So he devised a
special procedure which ensured that on coarse grids, the total number of grids points was
reduced and less computational work was done. The resulting scheme was shown to be
efficient in resolving some flows with alignment, but it appears to be rather complicated
to implement, and it is doubtful that it will find its way into a general purpose computer

code anytime soon.

Implementation' of the multigrid method in time-stepping solution schemes for the com-
pressible Navier-Stokes equations appear to be straightforward extension of that for Euler
equations. Although, for the reasons given above, worse performance may be expected.
Chima, Turkel and Schaffer (1987) compared implementations of three types of multi-
grid methods in explicit time-stepping multistage solution methods for Euler and Navier-
Stokes equations. They found the Full multigrid-Full approximation storage (FMG-FAS)
method proposed by Brandt (1977) to be the most efficient producing speedup factors

of about 8.5 in the solution of the Euler equations for selected problems, but only about
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2.1 in the solution of the Nav1er-Stokes equanons Multigrid schemes which use explicit
time-stepping algorithm to solve the 3 D 7 compressible Navier-Stokes equations have also
been reported by Arnone and Swanson (1988), Radespiel et. al (1990) and Swanson and
Radespiel (1991). These are mostly central-differencing approximation methods, and the
choice of artificial dissipation was found to be very important for efficient convergence.
Yokota (1989) extended the previous implementation for the Euler equations (Yokota
et. al, 1988) to the Reynolds-averaged, Navier-Stokes equations. The k£ — ¢ turbulence
model was used to approximate the Reynolds stresses. Application to the calculation of
the three-dimensional flow through gfade passages showed convergence rates similar to
those for the Euler equations. The use of wall-functions meant that the boundary layer
need not be fully resolved so that grids with very high aspect ratios could be avoided,
and hence, the lack of performance degradation. A novel method for solving the com-
pressible, steady, Navier-Stokes equations was presented by Koren (1990). A first-order
accurate upwind method with good smoothmg properties was used for the discretization
of the equations. Second-order accuracy was achieved through defect correction. The
whole multigrid scheme exhibited good convergence characteristics in smooth flows, but

somewhat poorer performance in non-smooth flows with shocks.

In the computation of flows in very complex geometries such as around multi-element
airfoils or in complex inlet sections two approaches are popular; unstructured grids or
multiple blocks of structured grids. Multigrid acceleration has also been achieved in
solutions of the Euler and Navier-Stokes equations with either approach. Mavripilis
(1988,1990) has demonstrated good multigrid convergence for the solution of the Euler
equations on unstructured triangular meshes. Mavripilis and Jameson (1990) presented a

similar implementation for the Navier-Stokes equations. Multigrid, multiblock methods

7
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were presented for the Euler equations by Yadlin and Caughey (1991) and for the Navier-
Stokes equations by Baysal et. al. (1991).
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IT: Stability Analysis of Numerical schemes for solving the Euler and

Navier-Stokes Equations
Introduction

Von-Neumann stability analysis methods have been used to investigate convergence
characteristics of the Euler and Navier-Stokes Equations. For the Euler equations, the
Steger and Warming (1981) and Van Leer (1982) (flux-vector split) upwind schemes, and
the Beam and Warming (1978) (ADI) central scheme were considered. However, for the
Navier-Stokes equations, only the latter scheme was considered. In each of these cases,
convergence characteristics of 1-D, 2-D and 3-D flow were investigated. Computations
were mostly based on uniform flow fields. However, in order to examine the influence of
variable flow fields, a local mode analysis was carried out using flow fields computed with
the Proteus code for the viscous flow around a circular cylinder and the the transonic

diffuser flow of Sajben.

IL1 Steger and Warming Upwind Scheme for Euler Equations

A stability analysis is presented here for the Steger-Warming flux-vector split upwind
scheme for solving the Euler equations. The formulation and the results are similar to
those presented by Anderson et al. (1988) for the van Leer flux-vector splitting scheme
(Anderson et al.,, 1984, Hirsch, 1988).

I1.1.1 Governing Equations
3-D Euler equations in Cartesian coordinates can be written as:

99 0B OF 06 _, w
ot oz 8y 0z
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where

Q = [Pa ou, pu, puw, pET] T
E = [pu.pu® + p, puv, puw, (pEr + p)u)T
F = [pv, puv, pv® + p, pow, (pEr + p)v]T
G = [pw, pwu, pwv, pw® + p, (pET + p)w]T

Time diffefencing of (1) yields

Qn+l _ Qn N aEn-H . aFnH 4 aGn-H
At Oz dy 0z

or in delta form

AQ" aEn+1 aFn+l 3G"+1
+ + +
At Oz dy 0z

=0

where n refers to the old time level and n+1 to the new time level.

I1.1.2 Linearized Equations

= 0.

(2

3

C))

E™*1 Fn+l and G™*! in the above equations are non-linear functions of the conserved

variables and are, linearized as follows;

EMl = E™ 4 —;jTAt +0(At?)
OE™ 0Q™
0Q ot

= E" + AAQ" + 0(AF)

:En+

At +0(At?)

where

3
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is the flux-Jacobian.

Similarly,
Y Fn+l = F‘n + BAQTI

G™l = G" 4+ CAQ™

where

oF" oG™
T “T g
are the corresponding fluxes.
Hence, equation (4) becomes
AQn 9 n n ad n n d n ‘ ny _
A7 +6_:v(E + AAQ )+6y(F + BAQ )+E(G +CAQ™) =0

that is

(i+ 0A™ + oB" 4 BC")AQ,, _ _(BE" N oF™  9G*
At Oz dy dz - Jz Oy + 82)

or

I+ At(6:A™ + 6, B™ + 6.C™)JAQ™ = —At(6;E™ + §,F" + 6,G™)

11
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where

o= oy Sy=my b= — (12)

and I is the identity matrix.
I1.1.3 Flux-Vector Splitting
Based on the Steger and Warming flux-vector splitting, the fluxes A, B, C, E, F, and G

can be split in the following manner:

A=AtY+ A~ B=Bt+B~ C=CY+C~-

(13)
E=E*+E~ F=Ft+F G=G"+G~
where
At = XaDE XY, AT =XaD X!
Bt = XD} Xp', B~ = XpDgXj' (14)

Ct=XcDEXG!, C™=XcDpXZ!

DZ and D7 in the above transformation are diagonal matrices whose elements are the
positive and negative eigenvalues of A, respectively, and the columns of X4 are the

eigenvectors of A.
Linearized forms of the fluxes ¥, E—, F*, F~, G*, G~ are obtained from:

12
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Et=A*Q, E =40
Ft=B*Q, F~=B"Q

(15)
Gt=C*Q, G =C-

Equations (14) give approximate values for A*, A=, B, etc. Exact values for A*, A—,

for examples, are obtained as follows:
OE* ok~
i A~ = —

However, the present numerical solution uses the approximate forms, which are less

expensive to compute.
I1.1.4 Approximate Factorization.

The following equation is obtained if equations (13) are substituted in (11):

[I+ Atéz(AT + A7) + Atby(BT + B™) + Atéz(Ct + C7)]AQ™ =
(17)
— At[bz(ET+ E7) + 6y(FY + F7) + 62(G* + G7))

Assuming that §* and 6™ stand for forward and backward differencing respectively, then,

for proper information transfer, it is customary to write

[T+ At(67 A* + 65 A7) + At(6;BY + 67 B™) + At(§;C* +6FC7)AQ =
(18)
— A ET +8§TET + 6, F + 6] F~ +6;G* +67G]

13
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Equation (18) can be factorized approximately into any of the following expressions:

() [+ Q¢85 A* +6F A7) + At(6; BT + 67 B)]

(19)
[T+ At(6;Ct +67C7)AQ™ = —AtR"
(1) [T+ At(s;A% +6;B* +6;C*)
(20)
I+ At(67A™ + 67 B~ +6FCT)]AQ™ = —AtR"
(ii8) [T+ At(87 AT +6F A +67CT)]
(21)
[+ At(6,; BT +6,B~ +6}C7)]AQ™ = ~AtR"
where
RY =6 E* +6TE~ +6;F* +6f F~ +6;G* + 6FG~ (22)

Following Anderson et al. (1988) the splits in (19), (20), and (21), respectively are called

spatial split, eigenvalue split and combination split. The last two splits fall under the
category of the LU decomposition.

Substituting equations (15) into (22), while holding the fluxes locally constant, we have:

R" = AT6;Q"+ A765Q" + BY6;Q" + B™6J Q™+ C*6;Q™ + C~6}Q"
(23)
=[AYé; + A6 + BY6, + B=6} + CY6; + C7651Q"

14



10

|

i A U T T (N T (XN B |

¥ XN

(L

I1.1.5 Fourier symbols

Any of the equations (19), (20), and (21) can be written as

NAQ" = ~L = AtR" (24)

von Neumann stability analysis is used on this system of linear equations (18) by letting

QTE — /\nUOeIf¢:te¢yeIk¢, (25)

where [ = /-1, A is the amplification factor, and ¢,, by, ¢ represent the modes

in the x,y,z direction, respectively.
The Fourier representation of equation (18) is obtained for each of the splits as follows:
(i) Spatial split

Using (25), NAQ" of equation (24) can be factorized as follows:
NAQ™ = N(Q™' - Q")

= N(/\n‘{'l _ An)erIi¢,te¢yefk¢,
= N(A = D)A"Upel 9= lidu Iké (26)
=NA-1)Q"

N is the Fourier symbol of N.

Thus

15
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N = [[+At(67 AT + 6T AT[I+AL(S; BY + 67 B[+ At(§7CF +6FC7)] 27)

and

N={I+ i‘—i[m‘(l - eIo) 4 A (el 1))}
I+ i—;[B*’(l —e71o) 4 B (e - 1))} (28)
I+ i—i[m(l - e-’¢=) + c-(e”’r - 1)]}

Here, we have used first order accuracy for this implicit term. However, the R" expression

is evaluated using second order accuracy as follows:

6Tuy = (5’u.— Ui + ui—9)/2Ax

(29)
6%ui = (—3ui + fuirs — uiys)/2Az
Using these in (23) yields
1 9
R = {5 [AY(3 — 4710 4+ e7210) 4 A7 (=3 + 4e% — 1))
521&"5[3*“(3 — 47191 4 72O L BT (=3 4 4ef% — &21%)]+ (30)
1
S [CH(8 = 4e7T% 4 78PN 10T (=3 + 4el¥r — M2 }QT
but from (24),
—L = AtR" (3D

16
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Setting L = LQ™ therefore implies

_AL = {%%{A"'(S _ 46al¢z + 6—21¢:) + A—(_3 +4610; — 621¢1)]+
At , ,
A 4e™100 4 eH0v) 4 BT(=3 4 4el0v — 2oy 4 (32)
2i—tz[(ﬁ‘(:s —de7IP 720y L 0 (3 4 4elbr — £20)))

L is the Fourier symbol of L and since R" is the same in the three splits, equation (32)
also expresses the Fourier symbol [ for the respective L in the eigenvalue split and the

combination split.

Substituting equations (26) and (31) into equation (24) we have

NAQ =-L
. , (33)
NA-1l)v=-Lv
or in general
N = v=—1v (34)
(1\7 - L)v = ANv
(35)

i.e. Kv =ANv if K=N-1
This is a generalized eigenvalue problem that can be solved using the standard routines
such as in the IMSL mathematical library.

17
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Note that with

eld = cos ¢ + Isin¢
' (36)
e~ 1¢ = cos¢p — Isin g
the Fourier symbols N and L , can be written as
« At " _ + N
N={I+ E[(A —~ AT)(1 - cos d;) + (AT + A7) Isin 4,]
{I+-§—;[(B+—B_)(l—cos¢y)+(B++B_)15in¢y]} (37)
{I+ %:-[(C"‘ -C7)(1 —cosé;) + (C* + C;)Isin ¢z]}
L= Qit [(A+ ~ A )(3 + cos2¢, — 4 cos @) + (A+ + A_)(4sin ¢z — sin2¢,)]]
+2_iiy[(3+ B™)(3 + cos 20y — 4cos dy) + (BT + B~)(4sin ¢y — sin 2¢y)1]
oitz [(C* = C7)(3+ cos2¢, —4cos 4.) + (C* + C™)(4sin ¢, — sin24,)]]
2 (38)

(ii) Eigenvalue Split

Analysis is similar to that carried out for the spatial split but with N now defined as

N=[I+At(87A* + 6, B +6;CH)][1+ At(67 A + 6B~ +67C7)]  (39)

18



i

tn o0 oA v

(

I

The associated Fourier symbol V is thus:

N = [I + —A—t-A+(l - e—[“jf) + éﬁB"‘(l _ e‘[¢‘y> + ﬁc+(1 _ e—Id)z)]

Az Ay Az (40)
At (14, at o 14, At (14,
[I + EA (e - 1) + A_yB (e 1) + EC (e - 1)
or using equation (36)

« At ) At .

N=[I+ _A_xA+(1 —cos ¢ + Isindg) + Iy-B+(I —cos ¢y + I'sin ¢y)+
2L 01— cos g, + Tsin [T + b A= (cos b, + I'sin by — 1)+
~C 2 sin ¢, N CoS ¢, sin ¢, @1

At ) At .
EB (cos¢y+lsxn¢y—1)+fA—ZC (cos ¢, + Ising, — 1)]

As remarked earlier, equation (38) also expresses the Fourier symbol I for this split.
(iii) Combination split

Here N is split as follows:
N=[I+At(6;AT +6YA +67CH)][I+ At(s; B + 6B~ + §5CT)]  (42)

The associated N is

19
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N = [I + %fﬁ (1 ~ e_1¢‘) + %A‘ (e"”r - 1) + %C*(l - e_[”‘)]
T 5Bt (1= )+ o (e - 1) + R (o)

<

(43)

or

Y At

N=[I+ At A"'(l —cos s + Ising;) + —A"(cos ¢, + Isind; — 1)+
Az Az

—ﬁf(%(l —cos ¢, + Isind;)][I+ —§;B+(1 — cos b, + I'sin )

At
Ay

(44)

B™(cos ¢y + I'singy — 1) + ﬁC"(COS ¢: + Ising, — 1))

+ Az

Equation (38) also expresses the Fourier symbol L for this scheme.

I1.1.6 CFL Condition.

The CFL condition for Euler equations can be written as

CFL

At = ,
R e

(45)

Hence, assuming equal grid spacing , (At / Ax) is obtained from

At CFL

Az~ (ul+ ol + [ul + av3)

(46)

20
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II.1.7 2-D and 1-D Cases

Following a similar analysis as carried out above for 3-D, the corresponding Fourier
symbols ¥ and L , and the CFL conditions for 2-D and 1-D Euler equations using

Steger and Warming upwind scheme can be writtten as follows:

2- D Case

Only two splits are possible here, the spatial split and the eigenvalue split. For the

spatial split, we have

N ={1+ (A%~ A7) (1 = cos6,) + (A% + A-)zsin¢,}}

Z | (47)
{I+E[(B+_B_)(1 — cos ¢y) + (B++B—)Isin¢y]}
and
. At + _ N _ _ o
L= E[(A — A7)(3 4 cos2¢; — 4cos 4;) + (AT + A7) (4sin ¢, —sm2¢z)l]
At . .
+§A_y[(B+ — B7)(3 4+ cos2¢y — 4cos ¢y) + (BT + B~)(4sin ¢, — sin 2¢4)1]
(48)
For the eigenvalue split,
& At L , At _
N—[I+AxA (1 cos¢z+lsmq§,)+Z§B (1 — cos ¢y + Isin ¢y)]
At _ . At _ 49
I+ EA (COS¢z+[sm¢z—l)+K;B (cos ¢y + I'sin gy — 1)] (49)
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and [ is as expressed in equation (48)

The CFL condition for this 2-D case is

— CFL
- At = ] ' , (50)
u v 1 1
[At tEo/Ey (Ay)’]
or setting Ax = Ay,
At CFL
— = (51)
Az (Juf+ vl + av2)
1-D Case
Only the spatial split is possible here. Thus the Fourier symbols are
. At oo - + 7
N = I+E[(A —A )(l—cos¢x)+(A + A )Ismqﬁz] (52)

At

L=2Az

[(A* — A7) (3 + cos 24, — 4cos ¢;) + (A* + A7) (4sin &, — sin 26,)]]
(53)

The CFL condition for this case is
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that is
At CFL 55
Az |ul+a )

11.1.8 Computational Procedures

A pseudo-code that implements the above analysis is presented in Appendix A. The code
evaluates, for a particular CFL number, the maximum eigenvalue over all the frequencies,

the average eigenvalue, the l; norm of the eigenvalues, etc.

Two averageé are computed, Agyg and Asvgmax- The former is based on all the eigenvalues
while the latter is obtained from only the maximum eigenvalue at each frequency.
In the numerical examples, 16 fredﬂéﬁcies were considered in each of the ranges

0 < ¢z~d’ys¢z < 2r.

In a standard relaxation scheme, the quantity of interest for stability and convergence is
the maximum eigenvalue over the whole range which determines the limiting condition
for linear stability. However, in multigrid scheme, the role of the relaxation scheme is

not to reduce the total error but to smoothen it out i.e. reduce the high frequency modes.

These fall in the range (3, ).

Thus the smoothing factor is calculated from the following relation:

Ay = maz(|A]) ' (56)
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for the high frequency modes in the range

3

< (B2 bys b:) < 7” (57)

o A

Flow variables assumed include M, = 0.8, zero yaw and angle of attack and v = 1.4.

Also equal grid spacing in all directions was assumed.

The expressions for the fluxes E, F and G, from which Jacobians A, B and C are obtained,
are shown in Appendix B. The symbolic manipulation software Mathematica was used
to generate the Fortran code for computing these flux-Jacobians and thier splittings. The

respective Mathematica sequence of commands is presented in Appendix C.
I1.1.9 Results and Discussions

The average eigenvalue (\avg), the smoothing factor and the maximum eigenvalue for
each of the splits for the 3-D, 2-D and 1-D cases based on the above analysis of Steger
and Warming are shown in Figs. I.1.1-1.1.3. Computations have also been carried out

based on Van Leer flux-vector splitting and the corresponding results are also shown in

Figs. I1.1.4-T1.1.6. The 3-D results of the latter agree very well with that of Anderson

et al. (1988). However, it appears that the spatial split for the Steger and Warming
method does not have good smoothing properties as compared with the Van Leer spatial
split. Based on the linear analysis, there is also a smaller range of CFL numbers over
which it is stable.
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In each of the two methods of flux-vector splitting, both the 2-D and 1-D cases are
uncoditionally stable. On the other hand, the 3-D case is only stable for certain range
of CFL numbers.

I1.2 Beam and Warming Central Scheme for Euler Equations.

The foregoing analyses have been based on Steger-Warming upwind differencing . The
analysis of the solution scheme based on Beam and Warming central differencing is

presented here.
I1.2.1 Governing Equations
3-D Euler equations in Cartesian coordinates can be written as:

0Q  OE OF 3G _

5 + 5 + En + R 0. (58)

where

Q = [p, pu, pv, pw, pE7] T

E = [pu,pu’ + p, puv, puw, (pEr + p)u]”

(59)
F = [pv, puv, pv® + p, pvw, (pET + p)v]*
G = [pw, pwu, pwv, pw? + p, (pET + p)w]T
Time differencing of (58) yields
Qn+l _ Qn SE"t! aFn+1 (9G"+1 3
a e Tey tTa 7O (60)
or in delta form
AQ" 3Em+1 5F"+1 8Gn+l
At+8z+6y+8z =0 (61)
25
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11.2.2 Linearized Equations

Em+1) Frtloand G™*! in the above equations are non-linear functions of the conserved

variables and are, linearized as follows:

oE™

ErMtl = Er g o At + 0(AE?)
n BE" oQ" 2
=E™ * 30 ——At+ 0(At?)

= E" + AAQ" + O(At?)

where
OE™

A= 30

is the flux-Jacobian.

imilarly,
Sim arly Fn+1=Fn+BAQn

Gn+l =G"+ CAQ"

where

are the corresponding fluxes.
Hence, equation (61) becomes

AQn n n il n
< +5—(E + AAQ™) + —y(F + BAQ™) +

0
0z

26

—(G™ + CAQ™) =

(62)

(63)

(64)

(65)

(66)



that is
T N R L L TR
or
I+ At(6,A™ + 6, B™ + 6,C™)|AQ"™ = —At(6;E™ + 6, F" + 6,G™) (68)
where

by ==, b= (69)

and I is the identity matrix.
I1.2.3 Artificial Dissipation

To damp the high frequency waves that often characterize the central differencing scheme,
dissipation terms are usually added. In this analysis, the following second-order implicit

and fourth-order explicit artificial viscosities are employed.

D! = —¢;AtAzé,,
(70)
D = —e AtAT?6 102
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With similar terms for y and z directions, equation (68) becomes

I+ At(6; A" + 6,B™ + 6,C™) — e1 At(Axbyp + Aybyy + Az6,,)]AQ™

(71)
= — A8 E™ + 6, F" + 6,G™) — €A (A2% 85000 + Ay byyyy + A2%6,...)Q"
11.2.4 Approximate Factorization
Equation (71) can be factorized into the following expression:
I+ At(6: A" — 1 Azézz) [T+ At(8yB™ — e1Ay6yy)]
' (72)

[I+ At(6,C™ — £A26,,)]AQ™ = R*

where the linearized form of R" is as follows:

R = -At[(Aé; + Bé, + C6,) + 5C(Aa:3¢5u” + Ay35yyyy + Az362222)]Q" (73)
here A, B, C are assumed locally constant.

I1.2.5 Fourier Symbols

von Neumann analysis similar to that carried out in section II.1.5 will also yield

(A‘r - i)v = ANV (74)

where equation (72) is written as

NAQ =-L (75)
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N  and L in equation (74) are the Fourier symbols of N and L. Using central

differencing, these can be written as:

. t z At .
V=4t %(Alsin bz + dey sin? %)}[n 2l (Blsing,+

Ay
.2 ¢ At : . 2 @z
dey sin? Ty)][l + E(CI sin ¢, + de; sin® ?)]

AAt BAt CAt _ .
N Ising; + Ay Ising, + x Isin ¢+

At b At b AL
1658<Azsm 5 +Ay 5 +Azsm 5

L=

Using the following Fourier signatures:

Azé, = Isin ¢,
9 éz

Ar?b, = —4sin? =

4 ¢z

Az*é,.,, = 16sin ete

11.2.6 2-D and 1-D Cases

(76)

an

(78)

The corresponding Fourier symbols for 2-D and 1-D Euler equations using Beam and

Warming ADI scheme derived in the above manner are written as follows:

2-D Case

=[I+ i—i(AI sin ¢ + 4e; sin? i

29
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1-D Case

N =

At .
1+ (Alsing; +4e; sin® %f)] (81)

. At . .4 0
L= :G(AI sin ¢, + 16¢, sin? +2£) (82)

11.2.7 CFL Condition

upwind scheme.

The CFL conditions used here are similar to those imposed on the Steger and Warming

11.2.8 Computational Procedures

A pseudo-code that implements the above analysis is presented in Appendix D. The code
evaluates, for a particular CFL number, the maximum eigenvalue over all the frequencies,

the average eigenvalue, the I; norm of the eigenvalues, etc.

Two averages are computed, Aavg and Aavgmax. The former is based on all the eigenvalues
while the latter is obtained from the maximum eigenvalue of each frequency. In
these numerical examples, 16 frequencies were considered in each of the ranges 0 <

¢za ¢y7 ¢z S 27r-

The smoothing factor is calculated from:
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Ay = maz(|A]) (83)

for the high frequency modes in the range

3r

< (s, 8y, 6:) < > (84)

2o A

Flow variables assumed include M., = 0.8, zero yaw and angle of attack and v = 14

Also equal grid spacing in all directions was assumed.

The expressions for the fluxes E, F and G, from which Jacobians A, B and C are obtained,

are also given in Appendix B.
I1.2.9 Results and Discussions

The results obtained for the stability analysis of the 3-D Euler equations are shown in
Figs. 11.2.1-11.2.2. It can be seen from this figure that the Beam and Warming (ADI)
scheme is only conditionally stable for CFL numbers below approximately 15. However,
at lower CFL numbers, addition of dissipation reduces the amplification factor and
considerably lowers the smoothing factor, thus making the scheme suitable for multigrid
implementation. Whereas the lowest amplification factor is obtained at a CFL number
of about 10, the best smoothing factors are obtained at CFL numbers closer to unity.
Therefore for multigrid application the code will have to be run at much lower CFL

numbers to obtain the best convergence rates.
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Corresponding results for 2-D are shown in Figs. I1.2.3. In this case, the scheme is
stable for all CFL numbers and also suitable for multigrid implementation at lower CFL
numbers. The 2-D results are quite similar to the 3-D ones But the 1-D results in Fig.
11.2.4 give a different picture as the CFL number is increased, convergence should actually
improve. It is clear from these results that 1-D analysis cannot be used to reliably predict

multidimensional code behaviour.
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I1.3 3-D Navier-Stokes Equations

The stability of the full Navier-Stokes equations in three dimensions is examined here.
Beam and Warming ADI central difference scheme is employed for the solution algorithm

in line with the approach of the Proteus code.
I1.3.1 Governing Equations.

3-D Navier-Stokes equations can be written as

9Q  OE  OF 9G _ OE, OF, _0G,

ot Oz + dy 0z Jr + dy + 0z (83)
where
Q = [ppu, pv, pw, pEr] T
E = [pu, pu® + p, puv, puw, (pE7 + p)u]’
. F = [pv,puv,pv2+p, prw, (PET+P)U]T
G = [pw, pwu, pwv, pw? + p, (pET + p)w]” (86)

T
E, = [0, Tezy Trys Tzrzy UTpr + VTry + WTzz — q:r:]
Fo =100, 7yz, Tyy, Tyz, UTyz + UTyy + WTyz — ]T
v — VY Tyzy ‘yyy Tyz, yz vy yz dy

T
Gy = [0, Tzzs Tzyy Tzzy UTzp + UTzy + WTpz — q:]

with 7;z, 7y, etc defined as follows:
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Tz = 2pug + AMuz + vy + w;)
Tyy = 200y + AMuz + vy + wy)
Toe = 200, + Mg + vy + w,)
Toy = Uy + vz) = Tyz
Tyz = p(v: + wy) = Tz

Tox = p(Wr + Uz) = Trz

qr = —kT;
qy = —kT -
g = —kT,

(87)

The cross-derivatives that arise from these equations are difficult to handle numerically.

For simplicity, therefore, we re-write equation (85), following the approach of Beam and

Warming (1978) for 2-D, as follows:

8Q 9E _9F 3G Uy  la

0t7+a:c+8y+gz-—3:c+3x+6x+

where we have set

o1 9V,  OV;
AL

88
5y "oy T o ®8)
oW1 4 oW, 4 oW,

Oz 0z 0z

Ey(Q) =Th(Q,Q:) + U2(Q, Qy) + U3(Q,Q:)
Fy(Q) = Mi(Q,Q:) + V2(Q. Qy) + 13(Q. Q:) (89)
Go(Q) = Wi(Q, Q:) + Wa(Q, Qy) + W3(Q, Q-)
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thus

Uy + U +Us =

0 -
2uuz + Mug + vy + w;)
pluy + vz)

#(uz + ws)
po(uy + vz) + pw(u, + wg)+

Vi+V+Vs=

Wi+ W, +Ws =

Using Stokes hypothesis , A = —% u these reduce to

U+U+ U3 =

| Au(ug + vy + w,) + 2puug + kT, |

0 .
p(uy + vz)
2uvy + AMuz + vy + w,)
vz + wy)
pu(uy + vz) + pw(vs + wy)+
| Av(ug + vy +w,) + 2pvvy + kT |

0
p(wz + uz)
u(os +w,)
2uw, + AMuz + vy + w;)
pu(wg + u,) + po(v, + wy)+

| Aw(ug + vy + w;) + 2puww, + kT, |

0 -
%u(?uz — Uy — W)
p(uy + vz)
plus + we)
po(uy + vz) + pw(u, + wz)+
i %yu(?ur —vy —w;) + kT,
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Vi+Va+ V3=

Wi+ W+ W; =

Equation (89) further implies

Ul(Qa QZ') =

0 -
ﬂ(uy + Ut)
%ﬂ(va — Uz — W)
vz + wy)
pu(uy +v;) + pw(v: + wy)+

u
2pv(2vy —up —w,) + kT, |

pws + u;)
2 P’(vz + wy)
(2w, — vy — ug)
pu(wz + uz) + po(v: + wy)+

0 -

L %l—‘w(zwz — Uy — uz:) + kT, J

0
3HUz
HVz
HWy

povg + pww, + 3puug + kT,

0
_%‘””y

U2(Q,Qy) = py

0
puUy — %puvy
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—%sz
Us(Q,Q:) = 0
HU,
pWu; — %uuwz

_ 0 -
Hug
Vl(Qs QI) = —%ﬂur
0
e — 3o

0
Huy

%(Qv Qy) = %;wy

HWy
puty + pwwy + %—;wvy + kT,

0
0
V3(Q,Q:) = —32;/110:
HUz
puwv; — 2pvw,

0
HWwg
Wl(Qv Qz) = 20
—FHUr
puwy — dpwu,
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Wa(Q.Q,) = pw, (103)
2
Howy — FUWVy

0
KU
W3(Qa Q:) = HU; (104)
TH0s
puu,; + %pww, + pvv, + kT,

In a turbulent flow p will be the efféé;i;';ﬁscosity which is a sum of the molecular
viscosity and the turbulent eddy viscosity given by a turbulence model. & will be the

corresponding effective thermal diffusivity.
I1.3.2 Beam and Warming ADI Scheme

The following generalized time-marching procedure of Beam-Warming (1978) is em-

ployed to advaace equation (88)

6 I(AQ™) At oQ" 6> n-1
'1+02At ot +1+02 8t+1+92AQ +

O[(Gl - % - 02>At2 + Ats]

AQ"

(105)

From equation (88)
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o(AQ™) (B(AE") 6(;§.F”) 8(AG"))+8(A['{')+

ot Jz + Jy + 0z Jdz
BAUZ) | B(ALT) | BAVD) | a(AVD)
106
e T T 5 + B + (106)
o(AVS) N (AW + O(AWT) : o(AWS)
dy Jz 0z 0z

Substituting (88) and (105) into (106) yields:

. 0 A(AE™ H(AF™)  9(AG™)\ A(AUT)
a¢ ‘1+92At["< 9z oy e )T e
(AUZ)  0(AUF)  o(AVP®) | 9(AV) | 9(AVs) | 9(AWT)
8x+az+6y+8y+8y+8z+
O(AW7)  O(AWR) At (OE" aF™ BG") out
- 107
52 T TTreg \Ewm Tt e et 49
oUp UL OVP  OVP oVR oWp oWp OWp
oz Oz dy 0y dy 0z 0z 0z
02 . n-1 _ l _ 2 A 43
A9 +0[<91 > 92)/_\t +At]
ie.
AQ" = b At[i(—AE" + AU + AUF + AUP)+
T 146, 0z ! 2 3
%(—AF" FAVR+AVR + AV + a%(—AG" +AWP + AWE + AWD)]
At a n n i n a n n n n
+'1_:72[5(_E + UT + U3 +L3)+a—y( Fr4 VP + V3t + V) +
9 n n n n 92 ANn—1
557G T Wi+ We' + W] + 1+02AQ +
o[(al - % - Bg)Atz + At3]
(108)
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11.3.3 Linearized Eguations

AE", AF® and AG" in the above formulations are linearized as follows:

0E™

EMl=E" 4+ 50 AQ™ + 0(A) (109)
ie.
AE™ =~ AAQ™ (110)
where A = %%: andAE™ = E*t! — E®
Similarly for AF"™ andAG™ we have
AF"~ BAQ", B= oF
9Q
oG™ (111)
AG" = CAQ", C= 30

A, B and C ar'e as defined in section I1.2.

AU, AV;," and AW3" involve no cross derivative terms (that is U= U(Q, Qx), V2=
V2(Q, Qy), and W3 = W3(Q, Qz)) and are therefore linearized as follows:

0Q

UTI
Urtt = U + RAQ + -g—leAQz +0(at) (112)
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Y,
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Therefore,

auy al't
AP = ——LAQ™ + =L,
Al 30 AQ™ + an_\Q,
= P"AQ + R"AQ:
= PQ" +(RAQ); - R:AQ" (113)
= (P~ B)AQ" + (RAQ);

= (P — R, + 6, R)AQ"

Here,

o ol _OR
P= 55, R”* BQI and RI = 5—; (114)

Similar analysis holds for AV," and AW3". Thus:

AV = (X = S,)AQ™ + (SAQ);

(115)
=(X -5, + 5yS)AQ"
)
and
AW = (K - Y,)AQ™ + (YAQ);
(116)
=(K-Y,+6Y)AQ"
where
41
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ovp 75 _ vy as

X = %, ”mM— ma v = a~y
L | )
== Y=30. %“=7%

(117)

AUR", AU3", AV(", AV3", AW," and AW," are the cross derivative terms and, in order

to resolve the difficulties that will arise if they are linearized as above, they are evaluated

explicitly. The following arguments ensure that this will lead to no loss of accuracy and

that minimal computational effort is actually involved.

From Taylor series expansion,

U oy
n+l _ 2 2 2 3
Uzt = Up + kAt + —2 (A1) +0(At)
0Un aZUn .
n-1_gsm _YY2 2 2 A 413
Up™h =Uf ~ —EAt+ —E(A0 +0(At)

= U 4 U = 2U7 + O(At)?

hence

Uyt —UF = U} — U1 4+ 0(At)?

or

AU} = AUF ! + 0(At)?

42
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Similarly,

AUF = AU 1 0(A)?
AV = AV + 0(At)
AVP = AVPT 4 0(AY)?
(121)
AWP = AW 4 0(AY)

AWY = AWP1 4 0(At)?

Substituting equations (110), (111), (113), (115), (116), (120) and (121) in (108) we have

AQ" =

0 0 . OR™ 0 . O0*ST
Atf==(~ ~R)"+ 5+ (-B+X-38§

1+92At[3z( A+ P = Ry)" + —— +ay( B+X-58) + 57
0 o’y 61 0
— (= K-Y, n n H—{ -1 Arrm—1
o (-C+K-Y.)" + - 1AQ +—1+92A[a$(_\(2 + AU )+
d n— n— 9 n— -
7, (A% LAV 4 o (AW AWRT) ]+

At 3 n n n n a n rn n n
1+92[%(—E + U7 + U3 +U3)+ay( F" + V' + V3 + Vi) +

a n n n N 92 n—1
E(—G + W'+ W; +W3)]+1+92AQ +
0[(01 - % - eg)Atz + At3}

(122)

Hence, the governing equation in linear form is as follows;
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{1+ +02At[a (A—P+R,)" ——.OIT+5§(B—X+S;,) -
afwm 9 - aZ)n

v - K g n AQ"
97 T3 (€~ KV -5 1AQ

91 6 rm—1 n—1 _?_ J n—1 / n—1

ﬁ?{At[a (AU~ + AU ) ay(AVI + AV N+
0

g(AW{l_l + AW

a 0 n n
a—y(—Fn+V1n+‘/2n+%n)+E(“G + Wi+ W7+ W)+

AQ™M 1 4+ 0[ (01 - % - 02> At 4 At3]

1+02

6 n n n ™
+ 1+02[$(_E +UT + U7 + U+

(123)

0, is introduced for notation convenience and it is often set equal to zero for first order

accurate schemes.

11.3.4 Approximate Factorization

Approximate factorization of (123) yields

0 8 o°R"
{I+1+19 At[—(A—P-i—RI) — 1)
6 o 0257
{I+1+19 At[ S(B-X+5,)" - S}
8 a o°y™
g M5 (C - K+Y)" - =]} =RHS (123)

(124)

Assuming constant flow properties, it can be shown that (-P+R,) = (-X+Sy) = (-K+Y;)

= 0. Hence, using first order accuréte, Eulér-implicit scheme (0, =0, 6, =0, 8, = D)

for equation (124) will yield:
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L+ At(6,A — 6, R)| [T+ At(8,B — 8,y I+ At(6,C — 8:.Y)]AQ"™ =
Atlb(—E+ U1+ U + U3)" + §(-F+ Vi + V2 + 3)"+ (125)

8,(—=G + Wi + Wy + W3)] + O(At)?

Assuming also that fluxes A, B, C etc., are locally constant, we can express E, Uj, Uz,

Us, F, Vl,'etc, in the following linear form :

E=AQ, Up=6(RQ), Uy=6,(R1Q), Us=6(fQ)
F=BQ, Vi=6(51Q), Va=68(5Q), Vz=246:(50Q) (126)

G=CQ, Wi=6(1Q), W2=25§(12Q), Ws=46(YQ)

where

ol olU; 0Us
R =21, R =22, Ry =
0Q: ! aQy : 0Q:
v v, o
oW oW, oW
Yi - BQI! YZ - aQy? Y - an

Using these in equation (125) we have:

[+ At(6;A — 6,2 R)][1 + At(6,B — 6y )T+ At(6,C — 6:,Y)|AQ" =
Céz - Ylézz - Y26yz - Y5zz]Q

45



11.3.5 Artificial Dissipation

To damp the high frequency waves that often characterize the central differencing scheme,
dissipation terms are usually added. In this analysis, the following second-order implicit

and fourth-order explicit artificial viscosities are employed.

D = —¢;AtAzs,,
(129)
Df = —g, AtAL36, 4,

With similar terms for y and z directions, equation (128) becomes

[T+ At(8:A — 6:2R) — 1At AT, )[L+ At(6,B — 6,,S) — e;AtAY6,,)
L+ A(6.C = 6,.Y) — e/ AtAZ5,,JAQY =
(130)
— At[A8; — R6zz — Ribyz — Rabsg + Bby — S162y — S8,y — S265y + C6,

— Y16y, — Y26y2 -Yé,, + 5eA$3ézzrz + 5eA936yyyy + E.eAZs‘Szzzz]Qn

11.3.6 Fourier Symbols

von Neumann analysis similar to that carried out in section II.1.5 will also yield

(A}' _ Ji)v = ANv (131)

where equation (130) is written as

NAQ = -1L (132)
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N  and L in equation (131) are the Fourier symbols of N and L. Using central

differencing, these can be written as:

AAt  in e + 4RAt 2 6z

. At )
=1+ g2l 2 &
! [ Az -~ sin +4_\I€15m 2]

BAt 45At At
[I I sin Qf)y —5?' sin2 i%y_ + 4Ay€l sln2 %’-] (133)

[1 CAr IYAL 4 4s ) ¢,]

Ismd)z 7 ———sin 5 +4—A—€[sm 5

AAL ARAL  , s  RiAL
I = sin? =
A S T A o T Ay

R At . BAt | .
ArAs sin ¢ sin ¢, + _A_I sin ¢y +

S1A
AzAy

45At zqsy CAt .
Ay2 +_\ A + . Isiné,+ (134)

YiAt | _ YAt , 4YAt | , ¢,
A;Az sin ¢, sin ¢; + AZyA sin ¢y sin ¢, + sin® -

L=

sin ¢z sin dy+

t . .
sin ¢, sin @y

sin ¢y sin ¢,

Az? 2

bz t 4(15 AV
1 - 4 7T het 3 = 4 ¥z
+ GSB(AI sin 5 + — Ay 5 + - 50 5

I1.3.7 2-D and 1-D Cases

The corresponding Fourier symbols for 2-D and 1-D Navier-Stokes equations using

Beam and Warming ADI scheme derived in the above manner are written as follows:

2-D Case

N = [I + AAtIsin ¢ + —— 18 sm2 i + 4——-61 sin? ¢—x]

Az Az? 2 Ar 2
I+ BAtIsm oy + 154 —— sin? ] + 4—A—t€ sin® ] e
Ay ¥ T A S TEATTT 2
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AAE . 4RAL . , ¢, RiAt
, .2 sin 5 + — ArAy sin ¢, sin ¢y +
BAt . S1At . .
Ay Isin ¢y + —A—l-gsm ¢z sin @y + 51 n? % (136)

Ay’ 2
At ) At 4 @
1 . 4>z 4 Y
6 (A:L‘ sin X )

2 _\y 2
1-D Case

AAL 4RAt | 5 ¢; At 9 Dz
N = [I+ T[Sl no; + A2 sin 5 +4z_\xdsm 5 (137)

AAL 4RAL . , ¢ At ¢
I 2 rr 16— 4 xz
o sin ¢ + A2 sin 5 + GAISC sin

L= (138)
11.3.7 Reynolds Number and CFL Condition

The CFL conditions used here are shr;i}ar to those imposed on the Euler schemes and

the Reynolds number for the 3-D casexs defined as follows:

o(/AZZ + Ay + AZ2)(Vul + o2 + w?)
o ]

Re =

(139)



11.3.8 Computational Procedures

A pseudo-code that implements the above analysis is presented in Appendix E. The code
evaluates, for a particular CFL number, the maximum eigenvalue over all the frequencies,

the average eigenvalue, the 1; norm of the eigenvalues, etc.

Two averages are computed, A\avg and Aaygmax. The former is based on all the eigenvalues
while the latter is obtained from the maximum eigenvalue of each frequency. In
these numerical examples, 16 frequencies were considered in each of the ranges 0 <

¢rvéya d’z S 271'.

The smoothing factor is calculated from:

M = maz(|A)) (140)

for the high frequency modes in the range

3r

Sz, 8y,¢:) < > ’ (141)

o A

Flow variables assumed include M, = 0.8, zero yaw and angle of attack and v = 1.4.

Also equal grid spacing in all directions was assumed.

The fluxes E, F and G, and hence, the Jacobians A, B and C are the same as
for the Euler equation already given in section II.2. On the other hand, expres-
sions for Uy, U;, Us, Vi, Vi, V3, W;, W, W; from which the Jacobians
R, R, Ry, S, 51, S2, Y, Y1, Y, are obtained are shown in Appendix F. The Math-
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ematica sequence of commands that are used in generating the Jacobians is presented

in Appendix G.
I1.3.9 Results and Discussions

Results for the stability analysis for the 3-D Navier-Stokes equations are shown in Figs.
I13.1 - I1.3.8. The stability was examined at Reynolds numbers of 100 and 1000000, and
at different levels of dissipation. It could be observed from the figures that for a given
level of disspation, the scheme is more stable at lower Reynolds numbers. Generally,
addition of dissipation reduces the amplification factor and the smoothing factor at lower

CFL numbers.

Results for the influence of Reynolds number and dissipation on the stability of the 2-D
Navier-Stokes equations are shown in Figs. I1.3.8 - I1.3.12. Also for the given level
of dissipation ¢; = 1.4, ¢, = 2.8, the effect of Mach number was examined and the
results are presented in Figs. I1,3.13 - I1.3.16. The scheme is less stable at lower Mach
numbers, but the smoothing factor is little affected. These indicate that convergence
rates in single grid schemes are expected to deteriorate rapidly as the Mach number is
lowered towards incompressible flow regimes, but with multigrid the overall convergence
rates should not be much worse. Corresponding results showing the effect of Reynolds
number and dissipation on the stability of Beam and Warming (ADI) scheme for 1-D
Navier-Stokes equations are shown in Figs. 11.3.17 - I1.3.19. In addition, the results
of the amplification factor over the frequency range 0 < ¢;,6, < 7 for CFL = 2.5
are presented in Figs. 11.3.20 - I1.3.25. Without artificial dissipation high frequencing
smoothing is quite poor, but with the usual form of constant dissipation terms good high
frequency damping is achieved.
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II.4 Local Mode Analysis

The analysis carried out in previous sub-sections are based on uniform flow fields. This
gives an indication of general stability characteristics of the numerical schemes, but
insufficient information as to the performance in practical problems. In a multigrid
scheme the role of relaxation is not to reduce the error but to smoothen it out, ie.
reduce the high frequency modes. This is essentially a local process since the high
frequency modes have short wavelengths and are thus spatially decoupled. The lower
frequency modes will of course be reduced on coarser grids. Hence, following Brandt
(1977) we can carry out a local mode analysis based on frozen coefficients and fluxes
obtained from actual computations t& obtam feliable predictions of multigrid performance
in practical flow situations. Such a local mode analysis of two practical problems based
on the actual flow fields are examined here. These problems are the viscous flow over
a circular cylinder and the Sajben transonic diffuser flow. The former was computed in
the Proteus code at a Reynolds number of 20 and CFL number of 10 while the latter was
run at a Reynolds number of about 120000 and CFL number of 5. Constant dissipation
(¢i = 2, €. = 1) was assumed in the viscous flow while the non-linear Jameson type
dissipation was used in the Sajben case. Stability and convergence analyses based on

actual flow fields obtained from the Proteus code were performed for each of these cases.
11.4.1 Jameson Non-Linear Dissipation

The implementation of constant dissipation coefficients in the stability analysis was
presented in section I1.2.3. However, since the Sajben transonic diffuser test case
was run with the non-linear dissipation formulation, we follow here a similar approach.

The dissipative terms are strictly explicit and are combinations of second- and fourth-
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differences. As stated by Caughey (1988), the second-difference terms dissipate spurious

waves in the shock region and fourth-difference terms are employed for steady state

convergence.

In operator form, the dissipation in x-direction is as follows:

Di = Azb, [¥,(2A26; — €1 A7%5,,,)]
=Y (SEA-TZ(S::: - C4A$45zxzx) (142)
= =g (452 sin? =2 ¢I + 166 sin® ¢I)

Similarly for y-direction,
Dy = Ayby [y (egAydy — £y Ay Syyy)]
= —1y (4€§ sin? 2¥ d)y + 166 sin? <152y)

(143)

%2 and ¢! are the coefficients for the second- and fourth-difference

The parameters ¢
artificial dissipation. Rather than being constants as in the previous analysis, they are

computed as functions of the pressure field as follows.

(e:g)l = kAt maz (ol ;, CHE af_‘l‘j)

(e2); = maz [0, ket~ (e7)|]

(55)1 = K24t max(af-"jﬂ ) le ) UzyJ 1) (e
(), = maz [0, ket — () ]

where
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ot |PiHlg = 2pi; + pi-1,

" Pi+1,; +2pij + pi-1,j
(145)

oV |Pig+1 = 2Pi; + pij-1

Mo P+ + 2piy + i1

¥z and iy, the spectra radii, are assumed locally constant and they are expressed as

follows:

_flul+a  |u[+a lul+a  |v]+a
¢I—( Az - Ay i+1,j+ Az ¥ Ay g

_(lul+a  |v[+a ul+a  |v|+a
wy_( Az + Ay i,j+1+ Az + Ay i

a is the speed of sound, x; and x4 are problem-dependent constants and for the Sajben

case k72 = 0.1 and x4 = 0.0004.

(146)

11.4.2 Results and Discussions

Contours of the computed amplification factors for the viscous flow past a cylinder are
shown in Fig. II.4.1, and for the smoothing factors in Fig. 1.4.2. The convergence
rate for this préblcm was acceptable in practice, and the predicted amplification factors
are actually similar to the computed residual growth rate presented in Appendix H. The
smoothing factors are lower than the amplification factors so multigrid should improve

the overall rate of convergence.

Contours of the amplification factors and smoothing rates obtained from the local mode
analysis of the Sajben transonic flow case are presented in Figs. I1.4.3 and I1.4.4,

respectively. In this case the amplification and smoothing factors are both very close to
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unity, which explains the poor asymptotic convergence. Also multigrid is not expected

to produce better convergence. The reason for this is likely to be the use of strictly
: explicit dissipation. Good smoothing factors can be obtained by introducing implicit
dissipation as shown in Figs. I1.4.5 and I1.4.6 which were run with constant implicit and
explicit disspation. From the results shown in Fig. I1.3.2, it would be expected that good
smoothing factors can also be achieved by using lower CFL numbers of about I to 2.
— Amplification and smoothing factors computed with a CFL number of 1 are presented
in Figs. I11.4.7-11.4.10. These show that contrary to expectations the smoothing factors
are worse than those obtained with a CFL number of 5. The explanation for this is
- shown in Fig. I1.4.11 where the stability analysis results for different grid cell aspect
ratios are presented. As the aspect ratio is increased to 10, the CFL number for optimum
smoothing increases from about 1 to 4. This emphasizes the role of aspect ratio in the
stability analysis. For the Sajben case,ithe grid cell aspect ratio varies between 4 and 10
(see Fig. II1.25). These results undersicore the importance of local mode analysis based
on actual frozen coefficients in précﬁ&ing the convergence characteristics of numerical

schemes.

-

¢
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IIT : Convergence Analysis of Proteus Test Problems.

Introduction

Convergence analysis was carried out for the 2-D steady flow problems presented in the
Proteus User’s Guide to determine the sensitivity to grid refinement. These are flow past
a circular cylinder, turbulent flow over a flat plate and Sajben transonic diffuser flow. The
first is axi-éymmetric and the others are plane flows. Both inviscid and viscous (laminar)
flow over a circular cylinder were computed. The other two test cases were turbulent
flow. The second test case used both an algebraic turbulence model and a two-equation

model but only the algebraic model was used in the third test case.

Basic iterative methods, including time-stepping approaches, have convergence rates
which display a sensitivity to grid size of the form 1 — O(h?), so that very fine grids
usually imply poor convergence. This is the problem that multigrid methods is designed
to cure. In this light we examine here the convergence properties of the numerical method
implemented in the Proteus code. Computations were performed for the grids used in
the published test cases and for two other grids which were either twice as coarse or

twice as fine, in each direction.
III.1 Convergence Analysis

The growth rate for each of the above cases was calculated based on the convergence
history results obtained from Proteus. In each of the cases, residuals are calculated for
the continuity equation, x-momentum equation y-momentum equation. The growth rate

of the maximum residual (resmax), average residual (resavg) or the 1; norm (resly) was
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computed as:
- Residual™ \ 7=

Growth rate = | ————

_ rowth rate <Residual"1> (147)
. where n; and n stand for the time levels. The computed growth rates are tabulated in
- Appendix H for all the cases.
- Note that the residuals used in the computation of the growth rate include the artificial
N viscosity terms.
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IIL.2 Result and Discussion

These results were obtained for the following grids:

Test | Run | Flow Problem Standard | Twice as Twice as
Case fine coarse
1 1 Flow over | Inviscid 21 x51 |41 x 101 11 x 26
2 a Circular | Viscous 51x51 |101x101 |26x26
Cylinder
2 1 Turbulent | Baldwin-Lomax |81 x51 |161x 101 |41x26
2 Flow over | Chien k-¢, 81 x51 |161x101 |41x26
a Flat Plate | CFL =2
3 Chien k-, 81 x51 |161x101 |[41x26
CFL = 10
3 3 Sajben Steady case 81x51 |161x101 |41x26
Transonic
Diffuser
Flow

The computational grids for test case 1, run 1 are shown in Figs. II.1-IM1.3, and the
residual histories are shown in Figs. III.4-I1.6. The convergence rates are generally
good, but they detoriorate significantly with grid refinement. Corresponding grids and

results for the viscous flow are shown in Figs. IN.7-II1.12. We see the same trends

with grid refinement.

The computational grids for the turbulent boudary layer flow over a flat plate are shown
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in Figs. III.13-II1.15 and the convergence histories are given in Figs. II1.16-1I1.24. The
convergence rates are much slower than those of the inviscid (Euler) or laminar viscous
flow in test case 1. Again, we see the trend towards poorer convergence rates with grid
refinement. however, at long times, the convergence stagnates and the residuals become
stuck at levels which are different for each grid. The likely cause is the idiosyncracy
of the turbulence model and its treatment of wall boundary conditions. The latter may
explain why the coarsest grid comphtatibns sometimes got stuck at higher residual levels

than the others.

The computational grids for the Sajben transonic flow are shown in Figs. II1.25-II1.27.
The residual histories are given in Figs. I1.28-II1.30.
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CONCLUDING REMARKS

A comprehensive review of the application of multigrid methods to compressible fluid
flow computations has been presentéd. Although the desirable goal of grid-independent
convergence rate was not fully realized in most of the computations, speedup in con-
vergence rate by a factor of between 2 to 10 was typically achieved through the use of
multigrid procedures. Such results have been obtained with numerical methods similar

to those implemented in the Proteus computer code.

Detailed stability analysis of numerical schemes for solving the Euler and Navier-Stokes
equations in two- and three-dimensional compressible fluid flow has been presented. The
results show the conditions for which good residual smoothing required for effective
multigrid convergence can be obtained. Effects of Reynolds number, Mach number,
artificial dissipation, and aspect rati;) on convergence and smoothing properties are
illustrated. Local mode analysis with frozen coefficients can provide information about

convergence rates in practical computations.

Actual computations with the Proteus code on grids with different levels of refinement
show that the convergence rate deteriorates as the grid is refined. This is the main

problem to be cured by the multigrid implementation.
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Fig. I1.3.12 : Stability Analysis for 2—-D Navier—Stokes Equations (Cent. Diff.)
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Fig. 11.3.14 : Stability Analysis for 2-D Navier—Stokes Equations (Cent. Diff.)
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Fig. [11.28 : Sajben transonic flow, Run 3
Convergence history for continuity equation
(Artificial Viscosity)

Base case grid 8151
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Fig. II1.29 : Sajben transonic flow, Run 3
Convergence history for x~momentum equation
(Artificial Viscosity)

Base case grid 8151
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Appendix A

Pseudo-code for the Steger and Warming Upwind Scheme for Euler Equation

Set up A*, A=, B*, B—, C*, C—
For CFL = 0, 50 do
For ¢, = 0, 2n do
For ¢y = 0, 27 do
For ¢, = 0, 27 do
Depending on split type, set up k and L
Solve generalized eigenvalue problem; 5 \'s
Extract maximum eigenvalue
Compute Average
Extract Ay
end
end
end
Compute I norm
Compute average of A
Compute average of Amax

end
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Appendix B

Expressions for flux-vectors E, F and G.

Q = [p,pu,pv, pw, pET] T B.1)
o , .
= [q1, 92, 93, 4, 5]
- - r pu T - -
pu u2 2q2
pu? +p -+ atp
E = puv = {pu)(pv) = 2%
puw {PU}pipwz 9%4
P 2
_(pET+p)u_ _(pET+p)£p’i_ -(qS +p)q1 - (B.2)
i q2 1 ’
2 1 2 2 2
L4(r-Ds-$(E+L+5)
243
= %3_
e
(=1 ;i G 4d)le
L [’qu - 2 (q.1 + T + ql)] '8} )
p=(v-1) pET—.—p(u2+v2+w2)]
r 2 2 2
1 U v w
_tr=1lpE _5((;»/)) . (p,,) .\ (pp) )] B3
- 2 2 2
q3 q3 q4
=(r-1|g-=(L4+L
O )_qs 2(9 q lh)]

Similar expressions for F and G in terms of the conserved variables are



(e

(e

v
5

i

LIRE
'iny

[ q3 ]
pv 2g
pzuv Z qll .2 .,3
F=| (p*+p) | = q1+(7‘1){‘75‘5(3f+w+5f)} (B.4)
pow qsqx4 .
PET + p)v _ =1 (q2 g2 'h
( ] {’YQS atete)le |
| i 94 ]
pw B
pwu iy
G = pwv =1, N T
(%wz—%;;) $+(7—1)[Q5 "25(5%2'{"33;*_%)]
4+ plw ﬂ“/—l! q
(pET + p)w | I [7q5— 3 (;f"*‘%i‘*‘%)]% ]

Mathematica is employed to genetiaiijA = %, B=2% C= % and their respective
splits using the above expressions. For example, the sequence of commands used in

Mathematica to generate A and its splits is shown in Appendix C
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Appendix C

Mathematica Sequence used to generate the Fortran

code for splitting the flux-Jacobians A, B, C
q={q1.42.43,94.95}
e={ q2,
q2°2/q1+(r-1)(q5-(1/2)(q2°2/q1+q3 2/q1+q4"2/q1)),
q2 q3/ql,
q2 q4/ql,
(r g5 -((r-1)/2)(q2"2/q1+q3°2/q1+q4°2/q1))(q2/q1)
}
a=Factor[ Table[ D[ e[[i]], q[[jl] 1,{i.5}.{j,5} ]
ql=rho
q2=rho u
q3=rho v
qé=rho w
q5=rho h
h=c"2/(r(r-1))+(u"2+v"2+w"2)/2
a=Factor{a]
xs={d,x }=Factor[Eigensystem[a]] x!=x[[1]1/x[[1,1]]

x2=x[[2]1/x[[2,1]]



st

x3=x[[3])/x[[3,1]]
x4=x[[4]1/x[[4,11] x5=x[[5]1/x[[5,1]] x={x1,x2,x3,x4,x5}
xt=Factor{Transpose[x]]
dd=DiagonalMatrix[d]
xi=Factor{Inverse[xt]]
ident=Factor[xt.xi]
aa=Factor[xt.dd.xi]
rhs=Factor[xt.dd]
Ihs=Factor[a.xt]
zero=Factor[rhs-lhs] identl=Factor[Inverse[rhs].lhs]
dp=DiagonalMatrix[{u,u,u,0,c+u}] dm=DiagonalMatrix[{0,0,0,-c + u,0}] ap=Factor[xt.dp.xi]
am=Factor[xt.dm xi]
asum=Factor[ap+am]
zero2=Factor[aa-asum]
Dol

ToString([

StringForm[

"ap(‘‘,*‘)="",1,j,FortranForm[ap([i,j]]]

] >>>xxx,



e

Do[

{1.5}.{3,3}

ToString[

{1,5}.{,5}

StringForm[
"am(“,*)=*“"1,j,FortranForm[am([i,j]]]

]

1 >>>xxx,
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Appendix D
Pseudo-code for the Beam and Warming Central Scheme for Euler Equations
Setup A, B, C
For CFL = 0, 50 do
For ¢, = 0, 27 do
For ¢y = 0, 27 do
For ¢, = 0, 27 do
Set up k and L
Solve generalized eigenvalue problem; 5 \'s
Extract maximum eigenvalue
Compute Average
Extract Ay
end
end
end
Compute l; norm
Compute average of A
Compute average of Amax

end
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Appendix E

Pseudo-code for the Beam and Warming

Central Scheme for Navier-Stokes Equations
SetupA,B,C,R,R;,R;, 5,81, 8,Y, Y. Y;
For CFL = 0, 50 do
For ¢x = 0, 2x do
For ¢y = 0, 27 do
For ¢, = 0, 27 do
Set up k and L
Solve generalized eigenvalue problem; 5 \'s
éxtract maximum eigenvalue
Compute Average
Extract Ay
end
end
end
Compute I; norm
Compute average of A
Compute average of Amax

end
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Appendix F

Expressions for Uy, U, Us, Vi, V3, V3, W, W,,

W3 in the Analysis of Navier-Stokes Equations

Q = (pv pU, pU, pw, pET} T

T
= @1, 92, 93, Q4. qs]

Q: = [pzs (pu)y, (pv),, (pw),, (pEr),)"

= {ml sy M2, M3 , My ymS]T

T
Qs = [pus (pu)y, (p0), (p0),, (pEr),]

T
= [nl y N2, N3 , Ny vn’5]

Q: = [pz, (pu),, (pv),, (pw),. (pET),|"
=l lo, I3, g, Is)T

(F.1)

(F.2)

(F.3)
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{ [
W, = — — <14_21
q q1
Also
Y SR S VPR | S e + bou 4 07 4 0
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PCy 2 z 2
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Mathematica is employed to generate R = gg-:. Ry = %ﬁ-, R, = g%fv S =

%Zy', S1 = %f, S2 = %";, Y ;j?gf, n= %gj, Y, = g%/yl using the above
expressions (see Appendix 9 for the Mathematica sequence of commands)
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rAppendix G

Mathematica Sequence used to generate the Fortran code for R, Ry,

Rz, S, 81, S2, Y, Yy, Y3 for the Analysis of Navier-Stokes Equations

m={ml,m2,m3,m4,m5}
n={nl,n2,n3,n4,n5}
1={11,12,13,14,15)
ul={ 0,

(4 mu/3)(m2/ql-q2 m1/q1°2),

mu(m3/ql-q3 m1/q172),

mu(m4/ql-q4 m1/q172),

(mu q4/q1)(m4/ql-q4 m1/q1"2)+(mu q3/q1)(m3/ql-q3 m1/q1"2)+(4 mu q2/
(3 q1))(m2/ql-q2 m1/q1"2)+(k/cp)(m5/ql-q5 m1/q1"2-q2 m2/q1"2+q2"2
ml/ql1”3 -q3 m3/q1"2+q3"2 m1/q1"3-q4 md4/q1"2+q4"2 m1/q1"3)

}
u2=({ 0,
(-2 mu/3)(n3/ql-q3 nl/ql"2),
mu(n2/ql-q2 nl/ql172),
0,
(mu q3/q1)(n2/q1-q2 n1/q1°2)-(2 mu q2/(3 q1))(n3/q1-q3 n1/q1"2)

}



!

n

i1,

!
|

[

u3={ 0,
(-2 mu/3)(14/q1-q4 11/q172),
0,
mu(12/q1-q2 11/q12),
(mu q4/q1)(12/q1-q2 11/q12)-(2 mu q2/(3 q1))(14/q1-q4 11/q12)
}
vi={ 0,
mu(m3/q1-q3 m1/q1°2),
(-2 mu/3)(m2/q1-q2 m1/ql"2),
0,
(mu q2/q1)(m3/§1-q3 m1/q1°2)-(2 mu q3/(3 q1))(m2/ql-q2 m1/q1°2)
}
v2={ 0,
mu(n2/ql-q2 nl/ql172),
(4 mUI:-”)(n3/q1-q3 nl/q1°2),
mu(nd/ql-g4 nl/ql™2),

(mu q4/q1)(nd/q1-q4 nl/q1"2)+(mu q2/q1)(n2/q1-q2 n1/q1"2)+(4 mu q3/(3
q1)(n3/q1-q3 n1/q1"2)+(k/cp)(nS/ql-q5 nl/q1™2-q2 n2/q1"2+q2"2
nl/q1"3 -q3 n3/q1"24+q3"2 n1/q173-q4 n4/q1"24+q4"2 n1/q1"3)
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v3={ O,
0’ ,,,,,,,
(-2 mu/3)(14/q1-q4 11/q1°2),
mu(13/q1-q3 11/q1"2),
(mu q4/q1)(13/q1-q3 11/q1"2)-(2 mu q3/(3 q1))(14/q1-q4 11/q1"2)
}
wl={ O,
mu(m4/q1-qg4 m1/q1"2),
0,
(-2 mu/3)(m2/q1-q2 m1/q1"2),

(mu q2/q1)(m4/q1-q4 m1/q1”2)-(2 mu q4/(3 ql1))(m2/ql-q2 m1/q172)

mu(n4/ql-q4 nl/q172),
(-2 mu/3)(n3/q1-q3 nl/ql1"2),
(mu q3/q1)(n4/ql-q4 nl1/q1°2)-(2 mu q4/(3 q1))(n3/q1-q3 n1/q1"2)
}
w3={ 0,

mu(12/q1-q2 11/q1°2),



(e
R

mu(13/q1-g3 11/q1°2),
(4 mu/3)(14/q1-q4 11/q1°2),

(mu q3/q1)(13/q1-3 11/q1"2)+(mu q2/q1)(12/q1-q2 11/q1"2)+(4 mu q4/(3
q1))(14/q1-g4 11/q172)+(k/ep)(15/q1-q5 11/q1°2-q2 12/q1°2+q2°2 11
/q1*3 -q3 13/q1"2+q3"2 11/q1"3-q4 14/q1°2+q4"2 11/q13)

}
r =Factor[ Table[ D[ ul[[i]], m[[j]] 1.{1.5},{j,.5}] ]
ri=Factor[ Table[ D[ u2[[il], n[[j]] L{1,5}.{;,5}] ]
2=Factor[ Table{ D[ u3{(il], 1[G {3,515 ]
s =Factor[ Table[ D[ v2[[i]], n{[j]] 1.{i,5}.(j,5}] ]
s1=Factor[ Table[ D[ v1[[il], m[[jl] 1{i.5}.(i:5}] ]
s2=Factor{ Table[ D[ v3[[ill, I{[j1] 1.{L.5}.{j,5}] ]
y =Factor[ Table[ D[ w3[[ill, I{G]] 1.{i.5}.{;,.5}1 ]
yl=Factor[ Table[ D[ wl{[i]l], m{[j]] 1{1,5},{j,5}] ]
y2=Factor[ Table[ D[ w2[[i]], n[[j]] 1.{i.5}.{j,5}] ]
ql=rho
q2=rho u
q3=rho v
q4=rho w

g5=rho et



]

il

Ihoig

IR I ST I R (ri ¢

I

(I

k =mu cp/Pr
r =Factor[r]

r1=Factor[rl]
r2=Factor[r2]
s =Factor(s]

s1=Factor([s1]
s2=Factor[s2]

y =Factor([y]

yl1=Factor[yl]
y2=Factor{y2] |
Do[
ToString(
StringForm|[
"p(*,<)=**" 1,j,FortranForm[r[[i,j]]]
]
] >>>xxx,
{L.5}4.45.51
]
Do[
ToString[



f R O R T

un

Dol

Dol

]

{1.5}1{5.5}

ToString[

{1.5}4{5,3}

ToString|[

StringForm(

"r1(*,)="*"1,},FortranForm([r1([1,j]]]

] >>>xxx,

StringForm(

"r2(*,)=*""i,j,FortranForm[r2[[1,j]]]

] >>>xxx,

StringForm(

"s(*,*)="*"1,j,FortranForm[s[[i,j11]

] >>>xxx,



|
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I

SE | ! (

{

{1,5}.{5,5}
]
Dol
ToString[
StringForm|[
"s1(*,")=""i,j,FortranForm([s1{[i,j]]]
]
] >>>xxx,
{1.5}.{3,5}
]
Do[
ToString|
StringForm][
"s2(*,*)=""1,j,FortranForm[s2[[i,j]]]
]
] >>>xxx,
{i,5}1.45,5}
]
Dol
ToString([



i1

(i com

(i

i e

(1

i1

v

Dol

Dol

{1.5}.{3,5}

ToString{

{15115}

ToString]

StringForm[

uy(( ¢’u)=u --,i,j,pomanForm[y[[iJ]]]

] >>>xxx,

StringForm[

"y1(“,*)="*"i,j,FortranForm[y1([i,j]]]

1 >>>xxx,

StringForm[

"y2(*4,*)="*" 1,j,FortranForm(y2[[i,j]]]

] >>>xxx,
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Appendix H

Computed Residual Growth Rates For Proteus Test Problems
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c |

{" i

rer

iter

EULER FLOW OVER A CYLINDER
STANDARD GRID 21 X 51

resl2

resavg

resmax

Convergence rate for continuity equation

20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180

190
200

loNoNoRoNoNoNeNel

.930795
.888906
.832695
.948464
.951933
.947928
. 946352
. 943105

(seleNeolNeNoNoNeNoNo Nl

.91942¢6
.929923
.941130
.951084
.927299
.917412
.936454
.940514
. 918601
.931104
. 948791

Convergence rate

20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200

QO OO OCOO0OO0

.912634
.884359
.952725
.953946
.947580
.937411
.932982
. 934067

[eNeoRoNoNeoNoNeNoRoNo o)

.934156
.934570
.935263
.934139
.927418
.929302
. 934760
.931980
.928875
.937714
.944295

Convergence rate

20
30
40
50
60
70
80
90
100
110
120
130
140
150

COOCOOO0OOoCO0O

.938592
.875004
. 946670
. 966574
.962191
. 949745
.937294
.933285

QOO OOO

.934770
. 933651
. 935002
.935770
.928539
.926840

OCOOOCOOOCO

H
[o]
H

COOO0OQOOOO0

fo

OO OQOOOOOO

.908427
.895495
.848400
. 940807
.945977
.952122
.940380
.932979

COO0OOOOOCOOOOOOoOo

.894159
.904262
.955742
. 942842
.946023
.936821
. 935483
.933648

COOOOCOOCOOOQOO

r

.902479
.888843
.962121
.948683
.952233
.947821
.942102
.935485

OCOO0OOOO

e NoRoNoNoNoNeNe)

.924721
.937277
.939716
.942771
.926370
. 925403
.935097
.932715
.923250
. 939515
. 946918

OCOQOOOOOOODOOOO

. 917327
.913527
.830117
.934040
.940652
.953439
.967108
.973934

.910288
.898949
.936658
. 989041
.938147
.885518
.945436
.964566
.906974
.899311

.971010

x-momentum equation

O OCOO0OOO0OOO0

.936524
. 933310
. 933340
. 934774
.927906
. 928213
.935187
.932460
.932456
.936477
.943643

QO OO0 OO0OO

y-momentum

QOO O0OO0OO0OO0OO0

.934075
.932586
.931110
. 938447
.930206
.925542

[eNoNoNoNoNe]

.908133
.858055
.918973
.971569%
.955972
. 940752
.929812
.932057

.931436
.931938
.936514
. 933654
.933065
.926448
. 934262
.9347590
.931675
.930370
.954803

equation

.986125
.885963
.874463
.993974
.975283
.958014
.939747
.930090

.933758
.936226
.935112
. 933129
.929192
.932591



{

i

160
170
180
190
200

oNeNoReNe

.933899
.933108
.930466
.938007
. 945751

QOO0 O0O

.932563
.933133
.930703
.935502
.945721

(o N NeRo Nl

.936830
.929528
.929403
.937970
.959216



EULER FLOW OVER A CYLINDER
TWICE AS COARSE

—-— iter resl2 resavg resmax
Convergence rate for continuity equation

~ 20

0.838248 0.838274 0.834294
30 0.956400 0.957698 0.934468
a 40 0.940676 0.942493 0.922472
50 0.921385 0.922744 0.947969
60 0.913916 0.908285 0.914900
70 0.927975 0.923816 0.924991
80 0.929017 0.917553 0.962759
= 90 0.917393 0.909659 0.928159
100 0.906117 0.904644 0.909506
110 0.906169 0.903582 0.906276
120 0.914064 0.912727 0.916575
= 130 0.916153 0.911361 0.919216
140 0.911645 0.906192 0.913590
_ Convergence rate for x-momentum equation
20 0.881918 0.874352 0.914724
— 30 0.942745 0.945055 0.906679
- 40 0.924141 0.925601 0.946330
50 0.932285 0.928169 0.944494
60 0.939754 0.932477 0.934226
— 70 0.926889 0.917204 0.936021
= 80 0.913862 0.910215 0.930996
90 0.903249 0.898748 0.916804
. 100 0.901098 0.902392 0.905581
= 110 0.910659 0.914220 0.903627
b 120 0.915005 0.912825 0.912998
130 0.912763 0.907539 0.917389
140 0.912400 0.904671 0.911914
it Convergence rate for y-momentum equation
20 0.847251 0.8595289 0.813734
- 30 0.974174 0.967034 0.981948
40 0.948546 0.948147 0.951398
- 50 0.922454 0.921312 0.911818
=T 60 0.914546 0.908356 0.921013
= 70 0.927277 0.919256 0.955883
80 0.926306 0.921831 0.930860
90 0.913726 0.913014 0.914262
— 100 0.902813 0.901317 0.914872
~ 110 0.903976  0.901245 0.905973
120 0.914671 0.913816 0.908560
. 130 0.916619 0.913130 0.916088
- 140 0.912293 0.906262 0.531719

¢t 1



¢

iter

EULER FLOW OVER A CYLINDER
TWICE AS FINE

resl2

resavg

resmax

Convergence rate for continuity equation

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410

OO OO OOCOoOoOo

.999132
. 949807
.993516
.965277
.922663
.895254
.944288
. 948587

0
0

[eNoBoNoRoNoloNoloReoloNoeNoleoNoNoloNoNoNoRNoNoNoNoNoNoNaNeRel

.981545
. 953007
1.01894
. 968554
.917311
.930264
.937875
.988990
. 949260
.979984
.987924
.964980
.945983
.953936
.965728
.956385
. 983830
.951225
.974634
.974434
.951064
.966667
.968314
.965600
.960097
.971197
.966996
.960645
.968411
.966408
.962264
.966227

Convergence rate

20
30
40
50
60
70
80
90
100
110
120
130
140
150
160

o NoNoNoNoNo RN

1

.00222

.937967
.976564
.974174
. 949865
.917774
.954746
. 983113

[oNeNoNoNoNo el

.973815
. 975347
.972074
. 974033
.9657438
.964262
.967373

OO O OO OOO

[=NeNelsNoRoNoNeoNoRoNoRoNoNoNoNoloNoReoloReoloNeNeNoNoloRoloRoReo R e K

(]
[o]
2}

O OO0OOO0OO

QOO O0OO0OOO K-

.978953
. 950957
.967842
.948236
. 938966
.935504
. 951219

938997

. 984612
.948991
.993200
.941746
.934880
.958608
.922657
.992632
. 948103
. 993645
.955449
.966086
.958321
.925696
.974292
.969232
.980622
.941597
.988044
. 964298
.934050
.984036
.965746
.961939
.955314
. 986513
. 955966
.955007
.981890
.955684
. 960850
.974555

eNeNeoRoeNoNoNe]

1.08220

.935938

.993892

.967920

.949610

.882762

.877115

. 996460

0.95027¢6
0.968724
1.04987
. 963302
. 952450
.856320
.977529
.982324
. 946159
.967779
1.01958
.985982
.902053
. 984895
.976299
.939454
.983114
.967900
.983972
.932103
1.00579
.949288
.961392
.980489
. 959725
.965899
.964819
.975052
.953550
.973858
.965915
. 962157

QOO OO O0o

QOO OO OOO

QO OO OO0OO0OQOQCOOO0

x-momentum equation

.985602
.952150
.942363
.972816
.956819
.933238

943761
.00023
.964595
.982240
.950115
.970537
. 976428
. 943677
.971914

QO O0OO0OOO0OO0

1.07376
.932630
.994335
.961713
.961858
.893293
.895011
.986011
.984160
.981918
.976508
.975508
.963527
.971384
.965584

[eNeNeNoNoNoNe]
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170
180
130
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
3390
400
410

[eNeNeoNeoNoRNoNoNoNoNeoNeoNoNeNeloNoNoNoNeNoRoRoRoRoRe)

.967101
.969443
.965376
.967492
.967896
. 965402
.966001
.966374
.966322
.965648
.966498
.965838
.965780
.965964
. 965690
.965745
. 965653
.965899
. 965503
.965672
.965772
.965534
.965625
.965615
.965636

Convergence rate

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390

(oo NeNe oo No ol

.993385
.946660
. 980815
.977163
.934256
.910370
.938308
.994473

[oNeNeoRo e oo oo oo o NeNoRoRoNoNoNoNoNeNoNeNoNoNeoNeRo o Nel

. 983342
.974585
.971491
.979403
.960645
.961180
.967978
.968150
. 969005
. 966869
.969278
.967159
.966760
.966184
.966371
.966576
.966766
.966035
.965916
.966799
. 965404
.96582¢6
.966172
.965612
.965808
.965886
.965772
.9655283
.965838
.965604

th
o]
(a1

[eNoRNoRoNoNoN®Re]

leNeNoNoNoNoNeNoNaNoe NoNoNoNoNoNesNeoNeoNeNoNoNeoReoNeoNel

.965547
.979796
.954738
.970700
.971218
.957409
.968119
.964943
.965928
.965364
.969293
.961857
.967107
.966908
.963240
.966604
.965648
.966253
. 964355
.966708
.965454
.964867
.966177
. 965412
.965321

.965754
.967948
.966872
.965562
.965768
.968992
.964024
.966868
. 966825
. 965611
.965733
.966240
.966495
.964766
.966404
.966118
.965224
.965607
.966407
.965274

.966664
.965094
.965191
.966428

[eNeoNoNoNo o oo NolNeNololNoeRoReNoNoNoNeoNoRoNoNoNeo N

y-momentum equation

.989231
.948145
.957554
.977195
.943058
.935106
.926763
.999260

loNeNoNo oo NeoloRo oo lolojeNeoReNoNeloloNoNoNeoNoNoRoNoNoNo o

. 985741
.974188
. 944565
. 982617
.971977
.938926
.967031
.970086
.979111
.953495
.974196
.969126
.958180
.966313
.964897
.965400
.966227
.970740
.958871
.969526
.966793
. 962339
.966359
.966416
. 966469
.963086
.968160
.965172
.964372
.966577

1.08074
0.943018
1.01642
0.973673
0.917933
0.875549
0.987414
0.9634456
.961404
. 983625
.980105
.971972
.974614
.970283
.972597
.973454
. 972552
.970628
.969674
.968866
.967770
.967558
.967832
.967386
.967039
.966746
.966641
.966346
.966280
.966167
.966009
.965978
.965935
.965857
.965773
.965814
. 965702
.965688

ol oo Bolololo oo leNo o oo e Ne No No No o Neo NoNo NoNoNoNoNoNo Ne]

.965128



[

[ A
i

400
410

0.965566
0.965714

0.965704
0.964875

0.965696
0.965622



e

iter

VISCOUS FLOW OVER A CYLINDER

STANDARD GRID 51 X 51

resl2

resavg

r

esmax

Convergence rate for continuity equation

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
130
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350

s NoNoRoNoRoeNoNe)

.967640
.959213
.919643
.990895
.971054
.988279
.987387
.982145

[eReoRoRoeloNoleNoleNoleoRoloNoNoNoRoNoNoNoRoNoRoRoReo Ne]

.981898
.976589
.972774
.968435
.962888
. 958405
.952761
.948241
.945125
.944299
.950171
.956200
.960636
.959405
.955966
.952698
.951081
.953168
. 957946
.961462
.961358
.958290
.953999
.950288
. 949547
.954123

Convergence rate

20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200
210
220

o NoNeoloNeNoNoNol

.980322
.992505
.9780289
. 987489
. 982406
.984036
. 982885
.980705

eNoNoRoNoNoNoNeRoeNeReNeNeol

.978792
.974396
. 970482
.965081
.959850
.954328
.948991
.944699
.943283
.947262
.955556
.961106
.961112

OO O OOCOoCoo

H
o
[a}

[eNeoNoNoNeNoNoNe)

[ejs o joloNo o NeNoNoNoNoNoNoNeoNoloNeoNoNeNoNoRoRo o Ne)

.960502 1.00755
.943479 1.03628
.929059 0.886886
.962196 1.01585
.961648 0.987030
.985485 0.970334
.977840 1.00365
.979593 0.977281
.972972 0.987464
.975546 0.976735
.965939 0.973696
.969022 0.970886
.960584 0.962731
.960378 0.960289
.952681 0.951099
.952925 0.945870
.949144 0.935203
.950688 0.926095
. 953000 0.945483
.953196 0.965326
. 956454 0.973436
.952708 0.966612
.950796 0.953588
.949536 0.942550
.949436 0.948421
. 954622 0.945376
.956586 0.956518
.960322 0.969354
.960091 0.964340
.960178 0.958961
.957266 0.957276
.955713 0.950040
. 955925 0.944027
.957456 0.941233
x-momentum equation
.965641 1.08783
.977823 0.991679
.965791 0.819779
. 987585 0.991064
.970906 0.986307
. 985564 0.981746
.975709 0.983015
.977410 0.979493
.973928 0.979966
.969635 0.975161
. 966613 0.970490
. 961011 0.967377
.95785% 0.959644
. 953911 0.955582
.950294 0.947888
.947872 0.943345
.946757 0.947882
. 948225 0.959369
. 954683 0.958868
.956624 0.958528
.958070 0.956810

COO0OOQOO0OOCOO0OO0OO0O0OCOO



"

[

|

230
240
250
260
270
280
290
300
310
320
330
340
350

o NeoNoRoeNeloNoNeoNoNoNoNoNal

.957704
.953833
.951546
.952554
.956909
.960941
.961592
. 958904
. 954495
.950107
. 948081
.951624
.960668

Convergence rate

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
1390
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350

e NeoNeoNoNeNolNoeNo]

.977823
.991898
.993988
.997232
.989318
.988187
.987648
.985776

leNeoNeNoRNoNoNeoRoNoNoNoNoNeNoNoNeNoNeNoNolNolNoNolNeNolol

.983033
.978743
.974189
.969098
.963938
.958889
.954375
.951042
.949573
.950532
.953614
.956344
.957282
.956361
.954891
.954060
.954783
.956924
.958933
.959446
.958084
.955599
.953061
.951837
.953122
.957173

h
[o]
a1

OO OOCOOOO

s NelejolooNoNoRNoNoNoNo Nel

.955700 0.953308
.953023 0.947772
.953300 0.948159
.955228 0.962912
.956454 0.963201
.957836 0.962277
.957670 0.960265
.955416 0.956569
.954871 0.951098
.955499 0.945454
. 954385 0.947084
.956732 0.964407
.961036 0.964605
y—momentum equation
.973260 1.05152
.976226 0.969461
.976802 1.00256
.990891 1.00881
.974185 1.00140
.985909 0.996797
.879421 0.994527
.981824 0.991585
.977614 0.986551
.974182 0.980053 _ ____
.970189 0.977906
.965087 0.971046
.961335 0.9676%96
.956190 0.960730
.953389 0.952985
.952220 0.950530
.951393 0.945528
.950810 0.549807
.952892 0.960892
.954421 0.959353
.956673 0.957766
. 955426 0.955305
.953%820 0.953133
.953699 0.951861 _
. 955454 0.949106
.956915 0.953568
.958853 0.965848
. 959408 0.963189
.957674 0.959521
.954785 0.955062
.953713 0.954356
.954087 0.949922
.955802 0.946775
.958285 0.954036

[eNoRoNeNeRleNeoloNeleoNeNeloleoNeloleoReNoleRoloNoNeNo il ol



VISCOUS FLOW OVER A CYLINDER
TWICE AS COARSE

— iter resl2 resavg resmax

Convergence rate for continuity equation

ht 20 0.942996 0.919789 0.936710
30 1.00508 0.975670 1.03357
- 40 0.986658 0.965748 1.00901
il 50 0.964220 0.955625 0.970917
60 0.954498 0.955778 0.952780
) 70 0.950842 0.948671 0.950095
= 80 0.943451 0.939874 0.945953
== 90 0.933722 0.931233 0.936722
100 0.924937 0.923467 0.927251
: 110 0.917686 0.917801 0.919322
- 120 0.911532 0.914708 0.910396
= 130 0.910472 0.917621 0.915336
140 0.925418 0.934058 0.900810
= 150 0.944203 0.941361 0.937576
o 160 0.945464 0.941822 0.953143
h 170 0.937773 0.935502 0.938530
180 0.928485 0.925850 0.926137
190 0.919715 0.920431 0.915835
0 200 0.914709 0.919719 0.934082
i Convergence rate for x-momentum equation
Do 20 0.984496 0.968344 0.926718
30 0.994231 0.982288 0.996788
: 40 0.971726 0.965699 0.973688
s 50 0.963416 0.958422 0.988744
e 60 0.962593 0.952964 0.994809
70 0.957248 0.947540 0.975079
80 0.945127 0.938430 0.954262
- 90 0.932495 0.928763 0.938112
100 0.92114s8 0.918514 0.924836
110 0.908617 0.908671 0.909719
B 120 0.892111 0.907311 0.882691
— 130 0.900077 0.926049 0.849242
140 0.973604 0.956899 1.00005
150 0.970912 0.951405 0.998648
160 0.952063 0.941742 0.960194
~ 170 0.937314 0.931718 0.941661
180 0.924248 0.821476 0.926741
190 0.911216 0.914328 0.911345
- 200 0.898690 0.918380 0.888844
Convergence rate for y-momentum equation
- 20 0.966322 0.957079 0.908747
30 1.01022 0.994192 1.02264
40 0.990151 0.976268 1.02085
50 0.963673 0.960467 0.971147
— 60 0.946989 0.949594 0.942469
70 0.939844 0.942532 0.935044
o 80 0.933797 0.933610 0.932624
= 90 0.926748 0.930688 0.923985
T 100 0.920756 0.92539%0 0.911148
110 0.918401 0.921604 0.897535
o . 120 0.920957 0.923822 0.913927
== 130 0.928287 0.925082 0.937308
140 0.935630 0.932259 0.935462
150 0.937617 0.934742 0.932753

"



U .

C

160
170
180
190
200

[eNeNoNeRe]

.934740
.930223
. 926440
.925326
.928265

[oNeNoNo o)

.935594
.931980
.929064
.926806
.926636

S OO0OQOo

.938725
.923618
.928389
. 922451
.934401



iter

Convergence rate for continuity equation

20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
.190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
430
500
510
520
530
540
550
560
570
580
590

VISCOUS FLOW OVER A CYLINDER
TWICE AS FINE

resl2

1
0.
0.
0.

1
0.
0.
0.

0
0

0
0

0
0

eNeoNoRoRoNeoNeoNoNoRoRoNo NoeNoloRoRloNoNoRoNeNoNoNoRoNeoNoNoRNoNoNoNeoNoRoNoRoeNoRe Ne Ne

.03092

963524

964685

991846

.00767

939623

978365

971803

1.01021
. 942406
.969869
1.00366
.999187
1.00619
.979493
.980161
. 984973
1.00687
. 981179
.970729
.984996
.992829
.987095
.975727
.970717
.981453
.993642
.980744
.960442
.973285
. 994705
.987936
.970707
.967197
.982818
.994249
. 985251
.968078
.970808
.991152
.991233
.975395
.968488
.980603
.990259
.984681
.973008
.971707
.984814
.989688
.979501
.970771
.977785
. 987844
.984997
.975801
.973394
.981839

resavg

1.02840
0.955435
0.979867
0.965286

1.00976
0.956268
0.968256
0.978629

0.983077

0.936715

0.980935
1.00813
1.00107
.976264
.981214
.985766
.999673
.976172
.965751
.956358
1.01916
0.997044
0.967280
0.968337
0.974007

1.01676
0.984215
0.959378
0.958545

1.00944
0.995892
0.967612
0.962142
0.980529
1.00129
.986718
.965841
. 964391
. 992867
. 997928
.974679
.964048
.977724
. 996067
.987130
.970675
.968666
. 984400
. 994457
.979944
.968130
. 974441
.991067
. 987837
.974336
.970701
.981166
. 990537

QOO OO O

[eNeoNeoReoRoleNeNoloRe oo lololeNeoleNoRNeRoNeNo Nel

resmax

1.08824
1.01583
0.950464
0.978138
1.03639
0.949646
0.949601
0.976247
1.04658
0.950845
0.954582
1.00339
0.997750
1.02800
0.9933%61
0.971720
0.977324
1.02712
. 990477
.970978
.987431
.996190
. 989523
. 982915
.974956
.975973
. 988227
.985158
.970124
.970074
.984578
.985806
.977537
.974130
.978016
. 985291
.986231
.978002
.973584
.981831
.987234
.980784
.974822
.977655
.983418
.983794
.979023
.975588
. 979255
.984681
. 982367
.976736
.977084
. 982344
.983573
.97979%99
.976998
.975038

[oNeoNoRNeoNeoNoNoNe oo oo loleoloNeloloNeNe oo lojleoloNeoRNe oloReNeololeoRoRelNeRe o Ne ol



| g g
&,

Gl

("

600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750

e oo loleRololeNoNoNoNoNoNoNe Nl

.987200
.981600
.973963
.976439
.984930
.985102
.977947
.974693
.980179
. 985240
.982287
.976349
.976497
. 982581
.984456
.979661

Convergence rate

20

30

40

50

60

70

80

50

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480

0.967369
0.989910
0.988140

1.

00381

0.993356
0.995422
0.985924
0.989111

SRS ReNeis A== o RoleoloNoRlaloReNoloNoNoNoRNoNoNaoNoNoNoNoRoRoRoRuoloRoleReRe Re R

.995959
.994878
.989869
.990588
. 993077
.992988
.990981
.989468
.988447
.989169
.987940
.985629
.983806
.983176
.982111
.980195
.978247
.976760
.976338
.976024
. 975282
.974743
.975774
. 977642
.978469
.978684
. 979217
.980377
.981036
.980688
.979984
.979870
. 980493
.980418
.979696
.979362
.979795
.980292
.980058

COOCO0OAQOOO0OO0OCDO0OOODOOOOO

for

.982604
.972169
.973983
. 986232
.987821
.977499
.972499
.979155
.987502
.983577
.975158
.974712
. 982880
. 986557
.979839
.974447

x-momentum equation

0.970359
0.979664
0.971235

1.

02522

0.974618
0.974112
0.982180

COO0O0OO0OO0OOODODO0OO0OOOO0OO0CO0ODO0OO0OODOOOOOOOOTTOIDODOOOOOOOOOO

.00479
.989417
.983251
.983930
.988372
.998472
.994693
.979716
.982908
.991952
.992354
. 980597
.978960
.983359
.985087
.981623
.976391
.973888
.978469
.981940
.976184
.971563
.976220
.982366
.980498
.976499
.976385
.980624
.983988
.981237
.976746
.977996
.983101
.982801
.978359
.977095
.980126
.982604
.981045
.977964

. 982824
. 982473
.978454
.977281
.980928
.983048
. 980557
.977813
.978887
. 981827
.982118
.979447

.980044

e NeleNoeNoNoNe NoNoNoNoNoeNoNeNe N

.981104

1.01940
0.964463
1.03298
1.01839
0.997676
0.993039
0.991614
0.987959
.999309
. 998604
.991678
.991914
. 993600
.993631
.994295
. 992165
.989129
.989695
.990406
.987706
.984897
.983966
. 982988
.981331
.979573
.977401
.975966
.975852
.975413
.974085
.973564
.975057
.976719
.977797
.978796
.979896
.981047
. 981709
.981009
.980112
. 980205
.980614
. 980139
.979409
.979329
.979770
.980124

[oNe oo No e Ne oo o oo Ne No NoNo NoNoNoNoNoNoNoNeoNoNoNoRoloReReo e e Re e RoRe Ro N

.978039

.982206



o

490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750

o NeoleoNoNoRoNoNoNeoNeNoeNoNoNoNRoNoNoNoNoNoNoNolol o Nl o]

.979704
.979694
.980198
.980530
.98014¢
.979803
. 980058
.980464
.980403
. 980017
.979874
. 980242
.980441
.980287
.979802
. 980021
.980355
.980394
.9801089
.979942
.980184
.980404
.980262
.980040
.980066
.980214
. 980407

Convergence rate

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
130
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370

0.969371
0.990651
0.955820

1.

02980

0.974655
0.981205
0.985913

leNeje oo NoNeRoNoNolojololoeNoNoloNoRoNoNeNoNeNoNo e le Ne )

.00687

.990836
.987603
.991746
.996208
.996479
.994403
.990006
.991434
.992314
.991106
.986498
.985452
. 985185
.983455
.980509
.877772
.976050
.975406
.974838
.971499
. 969405
.972235
.975974
.975677
.974959
.977947
.982178
.983701

.977382
.981410
.982633
.979716
.977716
.979713
.982172
.981371
.978892
.978506
.980684
.9820389
.980414
.978486
.979331
.981487
.981416
.979502
.978754
.980254
.981573
.980632
.979136
.979298
.980867
.981284
. 979963

e NeoNoNoNoNoNeoleReNoNeNoNollo NoRoNoNoNoNoNoNeNeNeoNoNeNal
leeoNo e leloRoleleReNeoNoNoNoNoNoNoNoNeNoleNe NoNoNe Rel

for y-momentum

0.958650 1.
1.00106 1.

0.942234 0.
1.04329 0.
0.960791 1
0.976287 0.
0.976884 0.
1.01637 1
0.983667
0.977898
0.980831
0.993121
1.00279
.993567
.974215
. 983897
.997413
.993237
.976003
.977133
.985376
.987059
.980419
.971889
.970863
.981203
. 984349
.971056
. 964712
.977501
.987003
.979964
.972205
.974324
.984300
. 988480

leleRojeRoNoeloNeoNeleloNoNoNoNeNeNoNoNoNoNo No Nel
o= oo oo e loleololoNo oo NeNoNoNoNoNoNo o)

. 980015
. 979532
. 979735
.980414
.980506
.980018
.979824
.980208
.980486
. 980307
.975968
.979966
.980271
.980426
.980179
.979895
.980109
.980390
.980330
.380060
.979999
.980224
. 980373
.980247
. 979980
.980148
. 980287

equation

04187
02009
953465
988192
.02048
931220
996407
.00905
1.00387
1.00120
1.00270
1.00229
1.00038
.999221
.9988002
.996662
.995372
.993559
.991252
.989851
.987803
.985177
.982355
.979680
. 978334
.975757
.973022
.970188
.968737
.966757
.966623
.968073
.975461
.980872
.983328
.983565



380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
6390
700
710
720
730
740
750

(SR oo NoNojoEe oo oo NoRoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNeRoReRoRe ReoReo e Ro Ne)

.981233
.978550
.980121
. 982540
.981254
.977886
.977908
. 980347
.981367
. 979844
.977989
.979049
.981395
.981590
.979257
.978501
. 980445
.981761
.980548
.978913
.9739357
.980878
.981402
. 979885
.978888
.979991
.981283
.980777
.978352
.979346
.980603
. 981147
.980189
.979326
.978787
. 980888
.980830
.879742

[ Re oo NoleRoleNe o No o No No NoNoNoNoReo o NoNoNoNoRoNoloNoRoRoReoRoReRoRo Ro o Xe )

.980138
.972400
.978248
.987724
. 983850
. 974827
. 974585
.982126
.985559
.980503
.974718
.977006
. 984410
. 984544
.977665
.975233
.980743
. 984865
. 981435
.976629
.977352
. 982445
.983823
. 979452
.976381
.979493
.983513
.981991
. 977847
.977652
.981280
.983031
.980329
.977569
.978976
. 982291
.982067
. 978967

[SReRe HoNoRe o XeNe oo NoNo No NoNoNoNoRoNeoNeoNoNeoNoRoNoRoNoNoNoRoReReo Re ko Re Ro X o)

.982809
.981704
.981102
.980611
.979719
.979017
.978950
.978199
.975208
.979279
.979521
.979819
.980134
.980168
.980076
.980142
.980320
.980310
.980129
. 980085
.980121
. 980240
.980264
.980034
.980087
.980197
.980260
.980171
.980086
.980154
.980250
.980255
.980107
.980133
.980234
.980253
. 980202
.980126



FLAT PLATE TURBULENT FLOW (Run 2)
STANDARD GRID 81 X 51

~ iter resl?2 resavg resmax
Convergence rate for continuity equation

~ 4370 1.02830

1.03300 1.01720

4430 1.00725 1.00742 1.00128

- - 4490 1.00237 1.00245% 1.00026
4550 1.00061 1.00096 0.999673

- 4610  0.999756 1.00020  0.998388
o 4670 0.999288 0.999628 0.999001
b 4730 0.999009 0.999240 0.998574

L ows 4790 0.998841 0.999022 0.998404
i 4850 0.998742 0.998852 0.998275
i i3 4910 0.998708 0.998732 1.00304
T o= 4970 0.998672 0.998628 1.00218
et 5030 0.998701 0.998616 1.00150
i 5090 0.998700 0.998551 1.00098
£3 5150 0.998729 0.998529 1.00054

. 5210 0.998719 0.998492 1.00134
= 5270 0.998748 0.998504 1.00133
£ Convergence rate for x-momentum equation
4370 1.02551 1.03100 1.0144z2

4430 1.00667 1.00712 1.00067

C 4490 1.00219 1.00244 0.999406
—~ 4550 1.00058 1.00104 0.998589
4610 0.999826 1.00036 0.998128

- 4670 0.999411 0.999783 0.998248
4730 0.999147 0.999400 0.998614

bl 4790 0.998971 0.999151 0.998352
o 4850 0.998839 0.998951 0.997350
= 4910 0.998738 0.998778 0.998427
— 4970 0.998650 0.998639 0.998469
5030 0.998578 0.998527 0.998510

5090 0.998506 0.998410 0.998406

5150 0.998446 0.998286 0.999062

o 5210 0.998411 0.998184 0.998898
5270 0.998399 0.998143 0.998872
Convergence rate for y-momentum equation

4370 1.01344 1.00680 1.01858

4430 1.00677 1.00661 1.00924

4490 1.00255 1.00152 0.995087

- 4550 1.00085 1.00191 1.00112
4610 0.999863 0.999418 0.993879

4670 0.999607 1.00007 1.00009

— 4730 0.995020 0.998925 0.999311
4730 0.999217 0.999149 0.9995286

4850 0.998734 0.998933 1.00034

4910 0.999224 0.998769 0.999259

~ 4970 0.998664 0.998985 0.999265
5030 0.999397 0.998709 0.998877

5090 0.998668 0.998935 0.999290

5150 0.999527 0.998718 0.998833

= 5210 0.998674 0.998931 0.999394
5270 0.998596 0.998901 0.995611




1

iter

FLAT PLATE TURBULENT FLOW (Run 2)
TWICE AS COARSE

res

12

resavg

resmax

Convergence rate for continuity equation

10110
10230
10350
10470
10590
10710
10830
10950

[eNeoNeoRoNoNo)

Convergence

10110
10230
10350
10470
10590
10710
10830
10950

[oleNeoNeoNoNeNe]

Convergence

10110
10230
10350
10470
10590
10710
10830
10950

[eNeoNoNoNolNoNoe]

1.00908
1.00023
.999197
.999141
.999250
.999411
.998567
.995683

rate for

1.01470
.999791
.998144
.997703
.998227
. 999387
.999744
. 999257

rate for

1.01048
. 989922
.998632
.998443
. 998425
.998398
.998250
.998206

1.01518
1.00029
.998460
.998033
.998016
.997619
. 9988271
. 9983986

[« NeNoNeNoNo

1.00337
1.00212
1.00171
1.00031
0.993618
1.00035
1.00028
1.00011

x-momentum equation

1.01596
1.00032
.998193
.997663
.998568
.998415
.999165
. 999332

QO OO0

1.01090
0.995945
0.998798
0.998703

1.00112
0.999451
0.998708
0.998297

y-momentum equation

1.00841
1.00018
.998276
.997978
.998158
.998253
.998117
.998021

OO0 OQOo

1.01054
0.598185
0.998192
0.8997075
0.998689

1.00014
0.995044
0.998120



FLAT PLATE TURBULENT FLOW (Run 2)
TWICE AS FINE

iter resl? resavg resmax

Convergence rate for continuity equation

3880 1.03254 1.03929 1.02393
3930 1.00983 1.01244 1.00281
33980 1.00515 1.00561 0.999985
4030 1.00310 1.00329 0.998854
4080 1.00194 1.00192 0.999367
4130 1.00122 1.00132 1.00013
4180 1.00074 1.00077 1.00008
4230 1.00043 1.00052 0.999543
4280 1.00017 1.00033 0.999585
4330 0.999988 1.00016 0.999379
4380 0.999856 1.00008 0.999172
4430 0.999767 0.999924 0.999%038
4480 0.999681 0.999836 0.999193
4530 0.999603 0.999735 0.999095
4580 0.999533 0.999653 0.999052
4630 0.999496 0.999600 0.598986
4680 0.999463 0.999533 0.999037
4730 0.999435 0.999510 0.999139
4780 0.999391 0.99944s8 0.999122
4830 0.999358 0.999420 0.999144

Convergence rate for x-momentum equation

3880 1.02683 1.03625 1.01687
3930 1.00911 1.01217 1.00259
3980 1.00481 1.00555 1.00006
4030 1.00288 1.00318 0.999035
4080 1.00182 1.00191 0.999176
4130 1.00113 1.00124 0.999089
4180 1.00070 1.00082 0.998957
4230 1.00038 1.00054 0.998998
4280 1.00018 1.00039 0.998968
4330 1.00002 1.00027 0.998894
4380 0.999905 1.00016 0.999171
4430 0.999808 1.00003 0.999046
4480 0.999741 0.999920 0.998992
4530 0.999671 0.999833 0.999120
4580 0.999615 0.999758 0.9990590
4630 0.999573 0.999685 0.999003
4680 0.999546 0.999626 0.998975
4730 0.999500 0.999579 0.999056
4780 0.999468 0.999531 0.999142
4830 0.999454 0.999492 0.999131

Convergence rate for y-momentum equation

3880 1.00590 1.00994 0.998929
3930 1.00904 1.00460 1.00949
3980 1.00543 1.00429 1.00537
4030 1.00094 1.00202 1.00093
4080 1.00072 1.00147 0.998118
4130 1.00153 1.00124 0.998559
4180 1.00168 1.00130 0.999119
4230 1.00016 1.00079 0.997999
4280 0.999344 1.00008 0.996947
4330 0.999613 0.999954 0.998770
4380 1.00015 0.999797 0.999812

4430 1.00020 1.00032 1.00079
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4480
4530
4580
4630
4680
4730
4780
4830

o NoloNeNoNoNoNe

.998544
.999145
.999348
. 999647
.999812
. 999327
.999216
.999203

.999799
.999305
.999469
.999464
1.00013
0.999106
0.999144
0.999132

OO0 oo

e oo NeNoloNe]

.999303
.998529
.999644
.999303
.999327
. 999657
.999567
.999149



FLAT PLATE TURBULENT FLOW (Run 3)
STANDARD GRID 81 X 51

—— iter reslz2 resavg resmax

Convergence rate for continuity equation

- 5410 0.890961  0.952515 1.09282
5510 0.996646 0.996347  0.999126
—- 5610 0.998534  0.997202  0.999138
- 5710 0.998734  0.995862  0.999716
5810  0.999255  0.996012 1.00007
5910  0.999708  0.997504 1.00017
- 6010  0.999922 0.997638 1.00015
s 6110 0.999972  0.998706 1.00008
6210 0.999977  0.999035 1.00001
6310 0.999982  0.999455  0.999987
6410  0.999986 _ 0.999919  0.999987
6510  0.999991  0.999808  0.999993
6610 0.999991  0.999558 1.00001
& 6710  0.999991  0.999372 1.00001
o 6810 0.999991  0.999276 1.00001
- 6910 0.999995  0.999202 1.00001
7010 1.00000 0.999157 1.00002
= 7110  0.999995  0.999137 1.00001
- 7210 1.00000 0.999150 1.00001
7310  0.999995  0.999182 1.00001
7410 1.00000 0.999238 1.00001
s 7510 1.00000 0.999308 1.00001
-_— 7610 1.00000 0.999388 1.00001
7710 1.00000 0.999457 1.00000
i 7810  0.999995  0.999528 1.00001
7910 1.00000 0.999594 1.00000
el 8010 1.00000 0.999653 1.00000
8110 1.00000 0.999700 1.00000
= 8210 1.00000 0.999746 1.00000
- 8310 1.00000 0.999783 1.00001
8410 1.00000  0.999817 1.00000
8510 1.00000 0.999852 1.00000
: 8610 1.00000 0.999870 1.00000
— 8710 1.00000 0.999895 1.00000
8810 1.00000 0.999914 1.00000
. 8910 1.00000 0.999926 1.00000
- 9010 1.00000 0.999939 1.00000
~ 9110 1.00000 0.999946 1.00000
9210 1.00000 0.999959 1.00000
: 9310 1.00000 0.999966 1.00000
9410 1.00000 0.999973 1.00000
- 9510 1.00000 0.999979 1.00000
9610 0.999995  0.999979 1.00000
- 9710 1.00000 0.999986 1.00000
- 9810 1.00000 0.999986 1.00000
9910 1.00000 0.999993 1.00000
. 10010 1.00000 0.999986 1.00000
= 10110 1.00000 0.999993 1.00000
~— 10210 1.00000 1.00000 1.00000
10310 1.00000 0.999993 1.00000
10410 1.00000 1.00000 1.00000
10510 1.00000 0.999993 1.00000
had 10610 1.00000 1.00000 1.00000
10710 1.00000 1.00000 1.00000
— 10810 1.00000 0.999993 1.00000
— 10910 1.00000 1.00000 1.00000
11010 1.00000 1.00000 1.00000
11110 1.00000 1.00000 1.00000

T
ek



s
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e
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11210
11310
11410
11510
11610
11710
11810
11910
12010
12110
12210
12310
12410
12510
12610
12710
12810
12910
13010
13110
13210
13310
13410
13510
13610
13710
13810
13910
14010
14110
14210
14310
14410
14510
14610
14710
14810
14910
15010
1511¢
15210
15310

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

i el el e e e R e e N el I e e e e e R el e ol R T T Sy S T U U i S S N

.00000
.00000
.00000
.00000
.00000
.00000
.00600
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.C0000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

el e e e e B e e e e e el e e e e e g S O el T T T ey i U i U U S

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

.00000
.00000
.00000
.00000
.00000
.00000
.00000

.00000
.00000

.00000
.00000
.00000
.00000
.00000
.00000
.¢0000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

U b R b b b B b B B B b et e e b et e s b b b B S b b b et bt ped e b e b

Convergence rate for x-momentum equation

5410
5510
5610
5710
5810
5910
6010
6110
6210
6310
6410
6510
6610
6710
6810
6910
7010
7110
7210
7310
7410

[eNeoRoNoloNoRoNoelololeNeoNeoNoNoNoNoRoNoNeNo

.937167
. 999017
.9985244
.992674
.995606
.997944
.997718
.997998
. 998247
. 998676
.999196
.999323
. 999201
.999063
.998985
. 998941
.998913
.998906
.998941
.999018
.999134

0.995221
0.998451
0.996135
.993272
.994916
.997881
.997132
.998474
.998559
.998712
.999232
.999379
.999201
.998963
. 998839
.998713
.998580
.998468
.998382
.998317
.998280

[=RelojololoNeoNeNeoNoleNeNoNo NoNoNo N o)

1.10922
1.00021
0.993135
0.994610
0.997059
0.999893
1.00107
1.00067
1.00023
.999943
. 999857
.999878
.999831
.999977
.999995
.00001
.00002
.00003
.00004
.00004
.00004

loNeoNeNeNeReo

e S N

.00000

.00000

.00000
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7510
7610
7710
7810
7910
8010
8110
8210
8310
8410
8510
8610
8710
8810
891¢C
9010
9110
9210
9310
9410
9510
9610
9710
9810
9910

.10010

10110
10210
10310
10410
10510
10610
10710
10810
10910
11010
11110
11210
11310
11410
11510
11610
11710
11810
11910
12010
12110
12210
12310
12410
12510
12610
12710
12810
12910
13010
13110
13210
13310
13410
13510
13610
13710
13810
13910
14010

.999267
.999403
.999529
.999640
.999728
.999798
.999851
.999891
. 999924
.999945
. 999860
.999972
.999981
.999988
.999991
.999991
.999997
. 999997
1.00000
0.999997
1.00000
1.00000
0.999997
1.00000
1.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

[oNeololeRoloeRoeBoloNoNoNloNoNoNeNoReoNe

i e e e e e el e Nl el e e e e e N e el el il K o Sy S i i i S 0 Ui U W Wy P P R SR

eRe oo e loleloNleNoNoRNoNoReNoNoNoNeNoNe

.998265
.998272
.998283
.998307
.998338
.998363
.998410
. 998442
. 998492
. 998549
.998620
.998692
.998778
.998867
.998958
.999048
.995147
.999235
.999328
.998413
.999491
.999564
.999632
.999688
.999742
.999787
.999822
.999859
.999884
.999905
.999922
.999940
.999949
.999963
. 999967
. 999977
.999981
.999986
.999986
.999991
.999985
.999995
.999995
. 999995
. 999995
1.00000
1.00000
1.00000
0.99%995
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

F4 R b S b b b b e

il el el i el T e gy Sy VS WP TP R

.00004
.00003
.00002
.00002
.00001
.00001
.00001
.00001
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

.00000

.00000
.00000
.00000
.00000
.00000
.0000¢

el e e e e e e e e e e e e el i el el e el o il TN o o Sy oy U O N PR I RN

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000



— 14110 1.00000 1.00000 1.00000
14210 1.00000 1.00000 1.00000
) 14310 1.00000 1.00000 1.00000
B 14410 1.00000 1.00000 1.00000
St 14510 1.00000 1.00000 1.00000
14610 1.00000 1.00000 1.00000
— 14710 1.00000 1.00000 1.00000
i 14810 1.00000 1.00000 1.00000
aad 14910 1.00000 1.00000 1.00000
15010 1.00000 1.00000 1.00000
: - 15110 1.00000 1.00000 1.00000
15210 1.00000 1.00000 1.00000
e 15310 1.00000 1.00000 1.00000

0

Convergence rate for y-momentum equation

-

5410 0.880516 0.970512 1.09744
L 5510 0.995021 0.994670 0.997906
5610 0.996398  0.995957  0.998669
bt 5710 0.998050 0.998765  0.997949
5810  0.997905 0.998003  0.999308
o 5910 0.997865 0.997899 1.00001
= 6010  0.998200 0.998170 1.00020
= 6110 0.998507 0.998239 1.00030
: 6210 0.998713  0.998094 1.00027
6310 0.998957 0.998116 1.00016
6410  0.999200  0.998425 1.00004
6510 0.999339 0.998736  0.999970
6610  0.999403 0.998882  0.999957
6710 0.999464 0.998812  (0.999964
6810 0.999556  0.998827 0.999969
6910 0.999648 0.998950 0
— 7010  0.999718  0.999094  0.999957
) 7110  0.999759  0.999214  0.999956
- 7210  0.999803  0.999166 0.999961
7 7310 0.999828  0.999102  0.999%70
— 7410 0.999861  0.999013  0.999979
;; 7510 0.999882 0.998966 0.999989
7610 0.999910 0.998940 0.999993
7710  0.999932  0.998945  0.999998
= 7810  0.999947  0.998962 1.00000
e 7910 0.999962  0.998999 1.00000
8010 0.999969  0.939046 1.00000
- 8110  0.999985  0.999088 1.00000
= 8210  0.999985 0.999142 1.00000
— 8310  0.999985 0.999188 1.00000
8410 - 0.999992 0.999253 1.00000
o 8510 0.999992  0.999304 1.00000
8610 0.999992  0.999371 1.00000
s 8710 1.00000 0.999430 1.00000
- 8810 1.00000 0.939487 1.00000
= 8910  0.999992  0.999545 1.00000
— 5010 1.00000 0.999605 1.00000
9110 1.00000 0.999654 1.00000
3210 1.00000 0.9939708 1.00000
9310 1.00000 0.998749 1.00000
-— 9410 1.00000 0.999785 1.00000
9510 1.00000 0.999817 1.00000
- 9610 1.00000 0.999847 1.00000
9710 1.00000 0.999871 1.00000
- 9810 1.00000 0.999891 1.00000
9910 1.00000 0.999910 1.00000

10010 1.00000 0.999924 1.00000
. 10110 1.00000 0.999937 1.00000
10210 1.00000 0.9999438 1.00000
10310 1.00000 0.999956 1.00000

i

{

o
i

.999963
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10410
10510
10610
10710
10810
10910
11010
11110
11210
11310
11410
11510
11610
11710
11810
11910
12010
12110
12210
12310
12410
12510
12610
12710
12810
12910
13010
13110
13210
13310
13410
13510
13610
13710
13810
13910
14010
14110
14210
14310
14410
14510
14610
14710
14810
14910
15010
15110
1521¢
15310

ol el e e e e el T e e el i e R e e el e e T o T N S

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

(o= Ne oo NeoloNeoNoNololoNoloNoNoNoNe)

1
0.
1
1
0.

P b b b b e b B R e e b e S e

0.

e

.999964
.999370
.999976
. 999980
.999983
.999987
.999989
.9999391
.999993
.999993
.999996
.999997
.999997
.999938
. 999999
.999998
.999999
.999999

.00000
999999
.00000
.00000
999999
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
899989
.00000
.00000
.00000
.00000
.00000
.00000

il el e el e e el e e Sl el il e R Yy S gy S U S U S T i VP U N P U SR

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.C0000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.0g000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
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FLAT PLATE TURBULENT FLOW (Run 3)
TWICE AS COARSE

resl2

resavg

resmax

Convergence rate for continuity equation

11100
11210
11320
11430
11540
11650
11760
11870
11980
12090
12200
12310
12420
12530
12640
12750
12860
12970
13080
131390
13300
13410
13520
13630
13740
13850
13960
"14070
14180
14290
14400
14510
14620
14730
14840
14950
15060
15170
15280
15380
15500
15610
15720
15830
15940
16050
16160
16270
16380
16490
16600
16710
16820
16930
17040
17150
17260
17370

0.999433
1.00000
1.00005
.999853
.999784
.999797
.999859
.999932
.999981
1.00000
1.00001

OO OO OO

1.00001

1.00000
.99999%4
.999992
.993990
.999992
.999992
.99899%4
.999996
.999998
1.00000
0.999998
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

leNeReoNeNoNo N oNe

e e e el e el e el e e e e L el ol el o S Ty S N U U PR

0.994436
0.999%9461
1.00016
.998951
.998639
.998779
.999376
.999836
.999657
.999513
.9599415
.999406
.999458
.999537
.999622
.999711
.999779
.999837
.999889
.999920
.999952
.999968
.999984
.999984
. 999992
1.00000
1.00000
0.999992
1.00000
1.00000
1.00000
1.00000
1.00000
1,00000
1.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

[=Re oo RoloNoNoNoNoNoBoNoNoNoNoRoNoNe NoNeNe

el B T e i e e e e T ) T Ry Sy WPy TPy Sy PN N

1.00007
0.999880
1.00004
.999967
.999886
.999875
.99989%00
.999943
.999873
.999985
.999983
.999975
.999975
.999972
.999975

.999987
.999992
.999995
.999997
999997
1.00000
1.00000
1.00000
0.999997
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

e oo NoNoNolleNeloleNoNeoNoNoNoNoNoNo Nl

i e e e e e i el e e e e e el e g o gy S U S U U S SN

.999980
.999985
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17480
17590
17700
17810
17920
18030
18140
18250
18360
18470
18580
18690
18800
18910
19020
19130
19240
19350
19460
19570
19680
19790
19900
20010
20120
20230
20340
20450
20560
20670
20780
20890
21000

[l i el o e e e e L e e il B B R o G N U U S SN

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

ol el el e S e e R e T R s S U U U W PN SN

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

.00000
.00000
.00000
.00000

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

L el e e e e e e e e e R S el ot B S W R S Gy S S VO U U U U N SN

Convergence rate for x-momentum equation

11100
11210
11320
11430
11540
11650
11760
11870
11980
12090
12200
12310
12420
12530
12640
12750
12860
12970
13080
13190
13300
13410
13520
13630
13740
13850
13960
14070
14180
14290

0.988565
0.999582

[eRe oo jeNeNoNoNoloNoNoNoNoReoYoRoNo oo

1

.00026

.998963
.998009
.997707
.997976
.998249
.998296
.998252
.998281
. 998458
. 998777
. 999151
.999470
.999694
.999833
.999914
. 999956
.999981
.99993%0
.999994
.99999s8

N

.00000
.00000
.00000
.00000
.00000
.00000
.00000

[sjele ool No oo NoloNoNoeNoNoNoNoNoNoNoRolo oo NoReRoRoRe e

. 988862
.997893
.999739
. 998567
.997947
. 997525
. 998455
.999431
.999088
.998673
.998231
.997851
.997591
. 997441
.997361
.997359
.997407
.997551
.997811
.998180
.998591
. 998966
.999276
.999494
.999679
.999802
.999882
.999932
.999966
.999966

0.99145s8
1.00072
.999972
.998383
.998051
. 999199
.999516
.999588
.999776
.999918
.999997
.00003
.00005
.00004
.00003
.00002
.00001
.00001
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

leNejolaoNoloNeNoNe]

Ll e e e e e o J S g Sy S P SN

.00000
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14400 1.00000  0.999991 1.00000
14510 1.00000  0.999991 1.00000
14620 1.00000  0.999991 1.00000
14730 1.00000 1.00000 1.00000
14840 1.00000  0.999991 1.00000
14950 1.00000 1.00000 1.00000
15060 1.00000 1.00000 1.00000
15170 1.00000 1.00000 1.00000
15280 1.00000 1.00000 1.00000
15390 1.00000 1.00000 1.00000
15500 1.00000 1.00000 1.00000
15610 1.00000 1.00000 1.00000
15720 1.00000 1.00000 1.00000
15830 1.00000 1.00000 1.00000
15940 1.00000 1.00000 1.00000
16050 1.00000 1.00000 1.00000
16160 1.00000 1.00000 1.00000
16270 1.00000 1.00000 1.00000
16380 1.00000 - 1.00000 1.00000
16490 1.00000 1.00000 1.00000
16600 1.00000 1.00000 1.00000
16710 1.00000 1.00000 1.00000
16820 1.00000 1.00000 1.00000
16930 1.00000 1.00000 1.00000
17040 1.00000 1.00000 1.00000
17150 1.00000 1.00000 1.00000
17260 1.00000 1.00000 1.00000
17370 1.00000 1.00000 1.00000
17480 1.00000 1.00000 1.00000
17590 1.00000 1.00000 1.00000
17700 1.00000 1.00000 1.00000
17810 1.00000 1.00000 1.00000
17920 1.00000 1.00000 1.00000
18030 1.00000 1.00000 1.00000
18140 1.00000 1.00000 1.00000
18250 1.00000 1.00000 1.00000
18360 1.00000 1.00000 1.00000
18470 1.00000 1.00000 1.00000
18580 1.00000 1.00000 1.00000
18690 1.00000 1.00000 1.00000
18800 1.00000 1.00000 1.00000
18910 1.00000 1.00000 1.00000
19020 1.00000 1.00000 1.00000
19130 1.00000 1.00000 1.00000
19240 1.00000 1.00000 1.00000
19350 1.00000 1.00000 1.00000
19460 1.00000 1.00000 1.00000
19570 1.00000 1.00000 1.00000
19680 1.00000 1.00000 1.00000
19790 1.00000 1.00000 1.00000
19900 1.00000 1.00000 1.00000
20010 1.00000 1.00000 1.00000
20120 1.00000 1.00000 1.00000
20230 1.00000 1.00000 1.00000
20340 1.00000 1.00000 1.00000
20450 1.00000 1.00000 1.00000
20560 1.00000 1.00000 1.00000
20670 1.00000 1.00000 1.00000
20780 1.00000 1.00000 1.00000
20890 1.00000 1.00000 1.00000
21000 1.00000 1.00000 1.00000

Convergence rate for y-momentum equation

11100 0.992134 0.988640 0.992440
11210 1.00052  1.00054 1.00052



1

11320
11430
11540
11650
11760
11870
11980
12090
12200
12310
12420
12530
12640
12750
12860
12970
13080
13190
13300
13410
13520
13630
13740
13850
13960
14070
14180
14290
14400
14510
14620
14730
14840
14950
15060
15170
15280
15390
15500
15610
15720
15830
15940
16050
16160
16270
16380
16490
16600
16710
16820
16930
17040
17150
17260
17370
17480
17590
17700
17810
17920
18030
18140
18250
18360
18470

[eNeoNoRsNeoNoReNeoRoloNoNoNeNoNoNoloRoleRoRNoRwRo)

1
0.

el el e e e e e e el e e e e e e e e el el e g e R i G Ui U U S S W Sy W N

.998892
.998036
.997753
.998279
.998825
.998773
.998510
.998363
.298466
.998790
.999179
.999465
.999650
.899770
.999852
.999911
.999948
.999970
.999983
.999991
.999995
.999998
.999998

.00000
999999
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

1

sl els el eioRalolsNeReloNoNoNoNoNoNoNoNoNoNoNoNoNoRoRoRo Ro Ko

1
0.

il el e e e il e e e e e el i el el e ey

.00012

.998688
.997458
.997465
.998375
.999329
.998843
.998185
.997747
.997765
.997952
.998267
.998568
.998745
.998851
.998355
.999057
.999182
.999337
.999489
. 999625
.999740
.999820
.999883
.999925
.999954
.999968
.999982
.999988
.999991
. 999997

999997
.00000
999997
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.0000¢
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

.997148
997147
.997335
.998207
.998232
.999088
1.00007
.999933
.999854
.999806
.999804
.999825
.999863
.999898
.999930
.999955
.999974
.999988
.999998
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

OO OCOOOo

COOO0OOO0ODODOOOCOOO

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

B2 2 S S S b el b et e b b B D S b bl et b e b b b b bt e b e p b b 8 e e e

.00000
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18580
18690
18800
18910
19020
19130
139240
19350
139460
19570
19680
19790
19900
20010
20120
20230
20340
20450
20560
20670
20780
20890
21000

el e I e I e e e I S e e e e e e el S

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

2 R S B b b b b e e

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

I e e R S e e e  E =l o el e o N Ty v gy g Py PRy WP

.00000
.00000
.00000
.000090
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000



FLAT PLATE TURBULENT FLOW {(Run 3)
TWICE AS FINE

— iter resl2 resavg resmax

Convergence rate for continuity equation

— 4920 0.992615 0.990764  0.996025
5010 0.996870 0.996612  0.999596
. 5100 0.997007  0.997108 1.00373
: 5190 0.996911  0.996655 1.00076
= 5280 0.997087 0.996937 0.998998
5370  0.997584  0.998375 0.998104
- 5460 0.998085 0.998530 1.00037
—_ 5550  0.998423  0.998385 1.00032
5640 0.998628  0.998233  0.999916
5730 0.998750 0.998105 0.999804
- 5820  0.998816 0.997885  0.999813
- 5910 0.998830 0.998209  0.999835
6000 0.998811  0.999006 0.999833
6090 0.998784  0.999237  0.999806
6180  0.998799  0.999049  0.999778
6270  0.998879  0.998879 0.999760
) 6360 0.999040 0.998860 0.999771
s 6450  0.999222  0.998995  0.999798
_ 6540  0.999418 0.999196  0.999837
6630 0.999571  0.999370  0.999876
6720  0.999702  0.999527  0.999911
- 6810  0.999794  0.999657 0.999931
= 6900  0.999849  0.999743  0.999939
6990 0.999890 0.999786  0.999941
7080  0.999897  0.999792  0.999936
7170  0.999896  0.999770  0.999925
- 7260 0.999887  0.999733  0.999916
7350 0.999876 0.999689  0.999950
7440  0.999848  0.999646 1.00008
7530  0.999846  0.999604 1.00008
- 7620  0.999825  0.999559 1.00009
7710  0.999823  0.999522 1.00009
7800 0.999829  0.999493 1.00009
o 7890  0.999817  0.999460 1.00009
7980  0.999824  0.999433 1.00009
8070  0.999821  0.999405 1.00008
o 8160 0.999828  0.999381 1.00008
- 8250 0.999836  0.999354 1.00008
8340 0.999844  0.999332 1.00007
8430 0.999852  0.999311 1.00007
8520  0.999850  0.999286 1.00007
- 8610  0.999870 0.999266 1.00007
8700  0.999879  0.999251 1.00006
- 8790  0.999887  0.999235 1.00006
- 2 8880  0.999898  0.999221 1.00005
8970  0.999909  0.999212 1.00005
9060 0.999919  0.999200 1.00004
9150 0.999928  0.999196 1.00004
- 9240 0.999938  0.999189 1.00004
9330 0.999944  0.999193 1.00003
9420  0.999952  0.999186 1.00003
9510 0.999958  0.999191 1.00003
- 9600 0.999964  0.999193 1.00002
9690 0.999969  0.999190 1.00002
9780  0.999973  0.999202 1.00002
—- " 9870 0.999978  0.999209 1.00002
9960 0.999980  0.999214 1.00002

10050 0.999982 0.999224 i.OOOOl
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10140
10230
10320
10410
10500
10590
10680
10770
10860
10950
11040
11130
11220
11310
11400
11490
11580
11670
11760
11850
11940
12030
12120
12210
12300
12390
12480
12570
12660
12750
12840
12930
13020
13110
13200
13290
13380
13470
13560
13650
13740

.995986
.999987
.999989
.99999%0
.999992
.9999%83
.999994
.999995
.999995
.999996
.999996
.999998
.99999¢6
.999999
.995998
.99999%
.993998
.999999
.999999
.999999
1.00000
0.999999

1.00000
0.999998

1.00000
0.999399

1.00000

1.00000
0.999999

1.00000

1.00000

1.00000
0.999999

1.00000

1.00000

1.00000

1.00000

1.00000
0.999999
1.00000
1.00000

[« NeBoBoReNoNoNoRNoNoNoNoRoRoRoRoNoRoRoRe)

.999233
.999241
.999254
.999267
.999279
.999294
. 999307
.999326
. 999340
.999362
.999379
.999398
.999420
. 999441
.999464
.999488
.99951¢0
.998533
.999559
. 999581
.999602
.999630
.999649
.999674
.999698
.999718
.999741
.999755
.999780
. 999797
.999809
.999827
.999841
.999861
.999865
.999881
.999897
.989902
.999912
.999918
. 9399929

.00001
.00001
.00001
.00001
.00001
.00001
.00001
.00001
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

[l e e e e e e R e R e e e Rl N S Ll s N o T U U U W P N

Convergence rate for x-momentum equation

4920
5010
5100
5190
5280
5370
5460
5550
5640
5730
5820
5910
6000
6090
6180
6270
6360
6450
6540
6630
6720
6810

leRejeRoloRoNo No o NeNoNoNoNoNoNoRoNololeNo Ro

. 996795
. 996503
. 996914
. 998427
.999573
.999344
.998516
.997667
.997009
.996761
.997190
. 998140
. 998879
.999077
.998981
.998868
.998860
.998953
.999088
.999206
.999301
.999380

COO0OODOO0ODOO0OO0OODOOODODOOOOOOO

.996715
.996092
.997513
.998024
. 998537
.999320
.998748
.998060
.997464
.997005
.996726
.987392
.999238
.999572
.99%9218
.998913
. 998826
.999020
.999316
.999395
.999431
.999466

OCOO0O0CODOOCOOOODODOOOOCOOOOOOOO

.997434
.998291
.998283
.997560
.998179
.999938
.998200
.997012
.996133
.999191
.999066
.998916
.999104
.999246
.995066
.998906
. 998902
.998969
. 998857
.998756
.998641
.998662
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6900
6990
7080
7170
7260
7350
7440
7530
7620
7710
7800
7890
7980
8070
8160
8250
8340
8430
8520
8610
8700
8790
8880
83970
9060
9150
9240
9330
9420
9510
9600
9690
9780
9870
9960
10050
10140
10230
10320
10410
10500
10590
10680
10770
10860
10950
11040
11130
11220
11310
11400
11490
11580
11670
11760
11850
11940
12030
12120
12210
12300
12390
12480
12570
12660
12750

OCOCO QO C OO0 OO0 COOOOO0O OO0 OCOO0OOOO0OCCCOoO0O0OCO

.999461
.999535
.999599
.999635
. 9996389
.999627
.999597
.999559
.999530
. 999497
.999473
. 999447
.999422
.999400
.9938382
.999362
.999335
.999317
.999293
.999280
.999253
.999240
.999227
.999216
. 999207
. 999200
.999187
.999186
.999184
.999183
.999182
.999185
.999186
.999191
.999197

OO OO0 OO OO0 O0OO0O0COO0OOCOO0OO0OO0OOO0OCOCOO0OO0O0O0O

.999206
. 999212
. 999224
.999235
.999250
.999268
. 999287
. 999307
. 999337
.999359
.999392
.999424
.999464
. 999496
.999538
.999572
.999615
.999653
.999689
.999728
.999758
.999790
.999817
.999840
.999864
.999889
.999901
.999920
.999933
.999939
. 999952

loNoNoNoNoNoNoNoRoloNeNoNoloNoNoeReNoNoleoRoNo e NoloNeoNoRoNo oo o lNoNo o]

. 999499
.999530
.999551
.999566
.999569
.999572
.999555
.999537
.999511
.999482
.959456
.999429
.399398
.999378
.998342
.999326
.999292
.999283
.999244
.999233
.999212
.999192
. 989177
.999161
.999147
.999134
.999123
.999112
.999102
.999082
.999088
.999076
.999071
.999065
.999057

leNeoNoleNoNoNeoNoNeololoNeoRoReRoeReloNeNoNelelojolNe e RoeNle oo No e

.999051
.999046
.999038
. 999031
.999031
.999020
.999014
.995008
.999000
. 998991
.998989
. 998985
.998976
.998972
.998566
.998962
.998958
. 998955
.998952
. 998953
. 998949
.998949
.998948
. 998951
. 998955
. 998955
.998961
. 998965
.998976
.998982
.998994

leNeoRNeoNoNoNoNeNoNe Nel

.998693
.998589
.999579
.999898
.999886
.999881
.999877
.999877
.999876
.999876

RF R HEPRPRRPRRPRRRRPRBERPRHERRRRRF B e

Pd et ped e f et A b e b b b b b e el ped ped b el ped e e b el e e e ) e

.00005
.00011"
.00012
.00012
.00012
.00012
.00012
.00012
.00012
.00012
.00011
.00011
.00011
.00010
.00010
.00009
.00008
.00008
.00007
.00006
.00006

.00005 _

.00005

.00005

00003

.00004
.00002
.00003
.00002
.00003
.00001
.00002
.00002
.00001
.00001
.00001
.00001
.00001
.00001
.00001
.00000
.00001
.00000
.00001
.00000
.00000
.00001
.00000
.00000
.00000
.00000
.00000
.00001
.00000
.00000
.00000
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12840
12930
13020
13110
13200
13290
13380
13470
13560
13650
13740

[eNoReNoNoNoNoNoNoNoNe]

Convergence

4920
5010
5100
5190
5280
5370
5460
5550
5640
5730
5820
5910
6000
6090
6180
6270
6360
6450
6540
6630
6720
6810
6900
6990
7080
7170
7260
7350
7440
7530
7620
7710
7800
7890
7980
8070
8160
8250
8340
8430
8520
8610
8700
8790
8880
8970
9060
9150
9240
9330
9420
8510

[=jejoloe e oo o joRols s JoReNoReo o NoNaNoNo oo e NeNoNoNoNoNoNoNoNeNoNoRoNoNoNoNoNe oo RoRe Re o Re R Re Ro Ne)

.999959
.999973
.999973
.999973
.999986
.999986
.999986
.999986
. 999993
.999993
.999993

oo NoNoNoNeNoNoNe Nol el

.999005
. 999022
.9938035
. 999061
.999072
.959094
.999124
.999146
.999173
.999203
.999234

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

i el i S R SR SR S S S S

rate for y-momentum equation

.970123
.995888
.997437
.997606
.997724
.997680
.997625
.997923
.998516
.998964
.999118
.999066
.998965
.998887
.998883
.998953
.999065
.999186
.999278
. 999347
.999392
.999428
.999456
.999481
.998504
.999524
.999537
.999542
.999549
.999554
.999553
. 999553
.999558
.999560
.999563
.999562
.999563
.999564
.999556
.999558
.999555
. 995548
.99954¢6
. 999545
.998551
.999545
.999553
.999562
. 999574
.999580
. 999595
.999612

[SEeRsRe oo o No o leloNoNo oo N-NoNoNoNoNoNoNoloNoNoNoNoNoNoRoNoloRoloNeoReoNoRoRoNoRoRoeRoRoRoReoReReRe Ko R )

.965200
.994602
.997087
.997322
.997539
.997701
.998096
.998282
.998390
.998580
.998659
.999228
.999124
.998869
.998669
.998612
.998896
. 999126
.999224
. 999348
.999403
.999418
.999483
.999524
.999535
.998557
.999619
.999614
.999619
.999606
.998581
.999575
. 999558
.999568
. 999555
. 999537
.999528
.999518
.8998507
.999493
.999483
.999482
.999478
.999472
. 999465
.989475
.959468
.999456
.999448
.999436
.999424
.999413

[sNoNoNoNoNeNoNoNoNoNoNoNoNoNoNoloNoRe

[eNeRoRoNoNoNoNoNoRololoeloNoleNeNoNoNoNeNoNoNeoNoNoNeol

.978607
.999324
.998064
.998498
.997928
.997031
.997155
.997028
.998863
.999957
.999464
.999130
.998995
. 999575
.999523
. 999511
. 999656
.989784
.999909%

el el el el el

.00001
.00007
.00009
.00009
.00007
.00004

00001

.999992
.999972
.999960
.999949
.999943
.999939
.999934
. 999930
.999923
.999918
.999913
.999908
.999907
.999907
.999906
.999910
.999911
.99991%
. 999923
.999930
.999934
.999943
. 999947
.999954
. 999960
.999963
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9600

9690

9780

9870

9960

10050
10140
10230
10320
10410
10500
10590
10680
10770
10860
10950
11040
11130
11220
11310
11400
11490
11580
11670
11760
11850
11840
12030
12120
12210
12300
12390
12480
12570
12660
12750
12840
12930
13020
13110
13200
13290
13380
13470
13560
13650
13740

[eNeNoNoNe)

[»NeoleReRoloRoNoRoRoRoNoNoNoNoRoRe e NoloNoloNoNo e NeNoNoNeoRoeNoNoNoReoNoleNoNe No e Ne i o I

.999632
. 999646
.999671
.999679

999708
.999730
.999753
.999768
.999783
.999800
.999829
.999837
.999857
.999867
.999882
.999895
.999906
.999916
.999925
.999934
.999942
.999949
.999855
. 999961
.999965
.999970

.9989975

.999977
.999981
.999983
.999985
.999987
.999989
.999991
.999991
.99999%4
.999994
.999995
.999996
.999996
.999996
.999998
.999998
. 999999
.999999
.999999
.999999

[eNeoNoNoNo]

.999406
.999396
.999386
.999380
.999368

leReRoReRoNoNoNoRlole o Nolo o loNeReRoloNoNoleoNoNoNoNoNoNoNoNoNoNoNoNeoloNoNeoNoNoNe No o

.999367
.999356
.999358
.999341
.999341
.999335
.999335
.999326
.999318
.999318
.998321
.999312
.999313
.999308
.999305
.999314
.999308
.999314
.999314
.999316
.999323
.999329
.999338
.999344
.999355
.999366
. 9989377
.999391
.999405
.999419
.999438
.999451
.999474
.999491
.999511
.999530
.999553
.999573
. 999596
.999616
.999635
.999661

OO OO0

.999%870
.999974
.999976
.999981
.999983
.999986
.999988

.999993
.999985
. 999985

[eNoNeoNoNeNeNo]

1.00000
0.999998
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.0000C0
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

el el e i e o T N o S Sy Sy W R W Ry P R W PR

.999%91

.9999%8
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SAJBEN TRANSONIC FLOW (Run 3)

STANDARD GRID 81 X 51

resl2

resavg

resmax

Convergence rate for continuity equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350
7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830
7870
7910
7950
7980
8030
8070
8110
8150
8190
8230
8270
8310

.985743
.984403
.980027
.973454
.992457
1.00645
0.996170
0.996168
0.999446
0.99%6642
1.00946
0.996025
0.996241
0.994243
1.00347
1.00555
0.993122
0.995332
0.994232
1.00756
0.993752
1.00285
1.00420
0.994591
1.00260
0.999117
1.00134
1.00038
1.00610
0.989784
1.00422
1.00341
0.999056
0.999124
0.994372
1.00502
1.00085
1.00031
0.994094
1.00272
1.00149
1.00658
0.991551
1.00515
0.993352
1.00008
1.00169
0.999704
0.995680
0.996561
0.998771
1.00759
0.986090
1.01278
0.991594
1.00747
1.00209
0.998930

[oNeNeoNoNel

. 984422
.985798
. 985323
.983269
.992565
.999919
.995399
.997734
.996632
.999289
1.00541

[eoNoNeNoNoNeoNeoNoNoNe]

1 0.997029

0.999202
0.983600
1.00258
1.00045
0.994753
0.997740
0.997941
1.00105
0.995710
1.00350
1.00461
0.995620
1.00034
1.00215
0.9987769
1.00163
0.999773
0.996395
1.00189
1.00168
0.997892
0.3898770
0.997889
1.00059
1.00216
1.00384

0.994868

1.00178
1.00014
1.00436
0.992429
1.00611
0.992821
1.00057
1.00106
0.999549
1.00073
0.998170
0.996851
1.00695
0.990434
1.00803
0.992517
1.00680
1.00246
0.998674

. 982757
.989113
.979778
.975572
.992027
1.01387
0.994827
0.998518
1.00568
0.996471
1.00170
1.00264
0.991025
0.992635
1.00043
1.01686
0.986652
0.996011
0.997748
1.01156
0.981274
1.00696
1.00068
0.994427
0.999311
1.00425
1.00035
1.00380
1.02187
0.977710

[»NeoNeoNoNe

1.00077 °

1.01023
0.995852
0.994532
0.995007

1.01367
0.991661
0.991195
0.998516

1.00254

1.00259

1.00751
0.995099

1.00233
0.994633
0.996420

1.01255
0.983464

1.00971

1.00271
0.99527¢0

1.00133
0.990907

1.00213
0.998553

1.00978
0.995404

1.00327
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8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
83990

Convergence rate for x-momentum equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350
7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830

0.993651
1.00369
0.985785
1.00346
0.996599
1.00066
1.00597
0.9939638
1.00479
0.997452
0.996044
0.988574
1.01341
1.00024
0.999492
0.988075
1.00702

.980510
.983497
.988484
.990513
.996786
1.00460
0.997216
1.00551
1.00276
0.987441
1.00952
0.989057
0.997018
0.988754
1.00708
1.00460
1.00633
0.983586
0.996540
1.00769
0.996525
0.999992
1.00344
0.994506
1.00153
1.00504
1.00120
1.00845
0.996781
0.995242
0.997500
0.999631
1.00209
1.00533
0.990607
1.00457
0.996763
1.00544
0.991487
1.00420
1.00383
0.997657
0.996167
1.01076
0.987227
1.00151

OO C oo

0.993527
1.00328
0.998556
1.00228
0.998380
0.999763
1.00181
0.999474
1.00311
0.994657
0.997189
0.990444
1.00904
1.00296
0.9979%47
0.997050
1.00988

0.986001
0.987881
0.991909
0.993054
0.9960939
1.00357
0.996475
0.996861
0.997867
0.993958
1.00363
0.999055
1.00017
0.989808
1.00445
1.00153
0.999051
0.994787
0.996780
1.00163
0.996998
1.00213
1.00236
0.996123
1.00124
1.00531
0.997008
1.00501
0.997976
0.997235
1.00022
0.999194
1.00081
1.00068
0.995739
1.00046
1.00140
1.00539
0.993097
1.00331
1.00145
1.00031
0.993655
1.00909
0.988973
1.00343

0.998810
0.997590
0.999398
1.00201
0.995101
1.00048
1.01406
0.983002

1.00888
0.997724

0.997283
0.991853
1.01257

0.997771

0.994411
1.01135
1.00163

0.981736
0.985533
0.986713
0.980786
1.00491
0.995886
1.00547
1.03694
0.992839%
0.978793
1.00617
1.00330
0.990210

0.996650

1.00476
1.00585
1.01498

0.970823

1.00189

1.00630

.994782

.998241

.996804

.998797

.998053

1.00662

1.00528

1.01620

1.00075

0.995667

0.983668
1.00485
1.00231
1.01035

0.981506
1.01863

0.979126
1.00928

0.990086
1.00646
1.01003

0.984584

0.999941
1.01432

0.989908

0.993835

[eNeNoNoNo
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7870
7910
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310
8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

Convergence rate for y-momentum equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
69930
7030
7070
7110
7150
7190
7230
7270
7310
7350

1.00231
1.00129
0.997844
1.00028
0.995533
1.00413
0.993654
1.00705
0.992284
1.00891
1.01176
0.987412
0.992374
1.00921
0.993333
1.00154
1.00239
0.996850
1.00729
0.991121
1.00429
1.00555
0.991151
0.996291
1.00946
0.998626
0.993366
1.00636
0.999665

. 981997
.981113
.979207
.980103
.994589
1.00809
1.00275
0.954257
1.01125
0.989402
1.00701
1.00573
0.988923
0.998748
0.998183
1.00989
1.00596
0.984589
0.990615
1.00689
1.00084
1.00060
1.00241
0.996014
1.00020
1.00527
1.00479
1.00487
0.993756
0.999711
0.994623
1.00480
0.994020
1.00847

OO O OO

0.998760
1.00116
0.998868
1.00156
0.996853
1.00360
0.992750
1.00472
0.995023
1.00874
1.00134
0.996975
0.994045
1.00630
0.994775
1.00256
1.00056
0.996914
1.00463
0.996407
1.00232
1.00079
0.995707
0.992527
1.00878
1.00159
0.993901
1.00125
1.00567

.983112
.983837
.981370
.984310
.991689
1.00383
0.998961
0.997799
1.00659
0.993478
1.00530
0.8999716
0.998833
0.990928
1.00481
1.00499
1.00169
0.992028
0.994667
1.00358
0.997388
1.00086
1.00584
0.996378
0.999330
1.00369
1.00189
1.00347
0.996972
0.996084
0.999624
1.00369
0.9949%32
1.00375

[eNeoReoNoNe]

1.01234
0.998643
0.998938
0.9387672
0.994099

1.00256

1.00265

1.00114
0.996953
0.999257

1.03486
0.968984
0.997439

1.00552

0.996116

0.996654
1.00947
0.996493
1.00984
0.985079

1.00263 __

1.00811
0.984591
1.00620
1.00591
0.991748
1.00589
1.00428
0.9924939

0.9908386
0.977448
0.979795
0.989316
1.00093
1.00734
1.00378
0.986503
1.01571
0.991326
1.00182
1.02148
0.972546
1.02139
0.978497
1.02600
0.897068
0.975270
1.00040
1.00145
1.00936
1.00297
0.583145
1.00762
0.995573
1.00744
1.01245
1.00560
0.985155
1.00962
0.986413
1.00225
1.00015
0.998336



(o

7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830
7870
73810
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310
8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

0.989486
1.00697
1.00001
1.00152

0.989211
1.00339
1.00483
1.00558

0.984546
1.0118¢0

0.992543
1.00032

0.999815
1.00200

0.985996
1.00038

0.998021
1.00364

0.988467
1.01106

0.987176
1.01099
1.01181

0.987328

0.990992
1.01583

0.994199
1.00256

0.996410

0.999076
1.00502

0.992724
1.00389
1.00285

0.995223

0.991187
1.00600

0.996158
1.00323
1.00592

0.997980

0.995025
1.00281
0.999925
1.00581
0.989498
1.00456
1.00241
1.00378
0.988615
1.01055
0.950908
1.00276
0.999425
1.00083
0.997272
0.999443
0.998328
1.00479
0.989806
1.00822
0.990284
1.01079
1.00314
0.994441
0.993675
1.01004
0.997371
1.00126
0.997128
0.999709
1.00558
0.995327
1.00211
0.998726
0.995660
0.990595
1.00510
1.00115
1.00050
1.00209
1.00485

0.992447
1.00833
1.00187

0.995772

0.987905

1.00944

1.00143

1.01611

.983122

.998477

.997060

.997009

. 994076

1.00454

0.998836
1.00441

0.990800
1.01025

0.992857
1.01508

0.969283
1.01699
1.01782

0.981805

0.988086
1.02229

0.997398

0.998523

0.994748

0.999508
1.00386

0.98%006
1.01398

0.994382

o Ne ool

1.00015

0.997447

1.01221
0.977333
1.00558
1.01774
0.986659
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Convergence rate for continuity equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350
7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7730
7830
7870
7910
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310

SAJBEN TRANSONIC FLOW (Run 3)
TWICE AS COARSE

resl?2

0.974489
0.891778
0.990214
0.995725
1.00154
0.997876
1.00565
0.992516
0.984208
1.00011
1.00826
0.999091
0.9%4972
1.01321
0.997336
0.998434
0.994762
0.992721
1.00991
0.999992
0.986045
0.997605
1.00542
1.00890
1.00748
0.996093
0.993589
0.997863
1.00088
1.00784
0.993845
0.997927
0.990559
1.00529
1.00894
0.991582
1.00678
0.993633
1.00654
0.995445
0.994661
1.01133
0.992054
1.00216
1.00067
1.00950
1.00126
0.980813
1.01383
0.993723
1.00873
0.995232
1.00252
0.8999277
1.00541
0.992783
0.996244
0.9396006

resavg

0.977890
0.990260
0.990157
0.993539
1.00170
0.996993
1.00776
0.991075
0.985748
1.00285
1.00294
0.997360
0.998377
1.009893
0.997818
0.998909
0.990908
0.998018
1.00688
0.999863
0.987851
0.996167
1.00105
1.00738
1.01267
1.00049
0.992749
0.992933
0.999085
1.00666
0.997715
0.997954
0.990605
1.00792
1.00697
0.993445
1.00021
0.992433
1.01364
0.995636
0.992182
1.01167
0.992395
0.998122
0.996227
1.01921
0.993993
0.988125
1.00997
0.997598
1.00572
0.997967
1.00260
0.995535
1.00427
0.995534
0.997512
0.995723

resmax

0.977506
0.979107
0.995800

1.00181
0.997744
0.999128

1.01034

0.985698
0.987518

0.991677 .

1.02864
0.999738
0.990677

1.01135

1.00016
0.996175
0.995735
0.984886

1.01360

1.00795

0.985397

0.991420

1.01651
1.01030
1.00482
0.980105
0.997015
1.00722
0.996247
1.01951
0.986697
1.00063
0.989286
1.00407
0.999435

0.997825

1.01588
0.991196
0.996482
0.996451
0.992729

1.00978

1.00852
0.999292

1.00901
0.988491

1.01360
0.975630

1.01995
0.984940

1.01030
0.989385

1.00778

1.00418

1.01126
0.986265
0.991811

1.00117
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8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

Convergence rate for x-momentum equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350
7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830

1.00637 1.00540
1.00615 1.00450
1.00317 1.00269
0.996431 0.998552
0.998162 0.998294
0.993933 0.995867
0.994471 0.995250
1.01503 1.01112
0.998956 0.998543
0.991202 0.987007
0.991950 0.999719
1.01755 1.01405
0.988122 0.992627
0.996188 0.990827
1.01112 1.00260
1.01738 1.02728
0.987700 0.985325

0.983979 0.984598
1.00058 0.996694
0.995552 0.994613
0.993455 0.988097
0.996104 0.999310
1.00063 0.998651
1.01302 1.01171
0.99%0170 0.994604
0.984582 0.982370
1.00668 1.00523
1.00836 1.00266
1.00131 1.00133
0.995026 0.995734
1.00432 1.00626
1.00177 1.00248
1.00048 0.999103
0.999647 0.995823
0.995490 0.997854
1.00217 1.00240
1.00381 1.00251
0.990069 0.989680
0.995650 0.985342
1.00560 1.00476
1.00051 1.00488
1.00886 1.00847
0.997291 1.00157
0.992555 0.993372
1.00360 0.997619
1.00297 0.999093
0.999699 1.00234
0.998050 0.999144
0.894551 0.995881
1.00026 0.998687
0.991431 0.997717
1.01393 1.00601
0.991503 0.996886
1.00492 1.00022
1.00113 0.994524
1.00665 1.01257
0.995349 0.997351
0.988971 0.987929
1.02570 1.01578
1.01079 0.999960
0.967672 0.985288
1.00390 0.999111
1.01174 1.02050

1.00236
1.01404
0.995701
1.00271
0.996507
0.981537
0.995265
1.02893
0.996766
0.997634
0.985152
1.01476
0.993429
0.991834
1.02730
1.00032

0.993512

0.996997
1.01493
1.00007

0.997392

0.985324
1.00264
1.01973

0.977076

1.00060

0.995230
1.01189
0.999736
1.00065
0.9892215
1.01186
0.997622
1.000867
0.987081
1.01258
1.00448
0.991997
0.996199
1.00476
0.996082
1.01663
0.990926
0.986370
1.00853
1.00297
1.00048
0.996576
0.997335
0.992858
0.995134
1.02825
0.873700
1.02341
0.993721
1.00001
1.00539
0.984843
1.03192
1.01620
0.951779
1.01717
1.00069
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7870
7910
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310
8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

0.998081
0.989932
1.00490
0.995617
1.00312
0.999232
1.00497
0.995313
1.00677
0.997956
0.992692
0.994955
1.00415
1.00848
0.992895
1.01540
0.987570
0.997319
1.00248
1.00257
0.996974
0.9357987
0.999882
1.00105
0.996947
0.997983
1.00820
1.00699
0.995970

0.993246
0.994114
1.00597
0.997491
0.998788
0.9993915
1.00501
0.996818
1.00612
0.996052
0.996035
0.994954
1.00255
1.00673
0.996273
1.00330
0.998345
0.998612
0.997507
1.00551
0.994289
0.9%3822
1.00139
1.00639
0.995741
0.994198
1.00846
1.01523
0.9%0210

1.00399
0.982724
1.00325
0.991850
1.01051
0.998389
1.00432
0.992738
1.01064
1.00045
0.994922
0.985672
1.01076
1.00531
0.996491
1.02283
0.976217

0.996207

1.01073
0.989521
1.01200
0.992691
1.00544
0.997494
1.00146
0.992861
1.01293
0.995883
1.00328

Convergence rate for y-momentum equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350

0.960685
1.01031
1.00267

0.995047

0.988260
1.00679
1.00860

0.992222

0.980929
1.01172
1.00810
1.00286

0.953198
1.00670

0.999847
1.00164

0.999613

0.986546
1.01623

0.995707

0.998416

0.993754

0.998057
1.00719
1.00257
1.00053

0.992395
1.00934

0.984780
1.00885

0.995335
1.00826

0.95%7333

0.995133

0.965498
0.998549
1.00020
0.988029
0.996296
1.00534
1.01326
0.992091
0.979708
1.00963
1.00885
1.00008
0.994814
1.00766
1.00018
1.00194
0.993762
0.992742
1.01242
0.995530
0.994274
0.994795
0.998982
1.00751
1.00928
1.00189
0.991072
1.00237
0.989059
1.00908
0.897193
0.899672
0.997273
0.999372

0.974013
1.02137
1.01550

0.996988

0.974302
1.01269

0.997969
1.00110

0.981117
1.00727
1.00703
1.00514

0.996843
1.00828

0.995630
1.00196

0.995755

0.982435
1.02450

0.994676
1.00024

0.995340

0.999611

1.00934
0.999701
0.989381
0.996112

1.01331
0.989263
0.996251
0.999004

1.01866
0.995445
0.991994
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7330
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830
7870
7910
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310
8350

.8390

8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

1.00287
1.00252
0.999683
1.00170
1.00249
1.00100
0.982628
1.01464
0.999440
0.999023
0.997819
1.00553
1.00381
0.978732
1.01563
0.99%6921
1.00744
0.996254
0.998210
1.00267
0.995597
1.00402
0.994555
1.00326
0.997354
1.00429
1.00597
0.993122
1.00261
0.994888
1.00346
1.00039
0.997694
1.00332
0.997682
1.00158
1.00153
0.991559
0.998238
1.01608
0.992727

1.00605
0.996439
1.00071
0.996451
1.01166
0.997820
0.984399
1.01662
0.996727
0.997530
0.995090
1.01277

1.00028 .

0.984354
1.00876
0.997898
1.00932
0.994250
. 0.998901
1.00228
0.997889
1.00221
0.995013
0.989035
1.00161
1.00456
1.00458
0.997088
1.00215
0.992488
0.999720
1.00632
0.995707
0.996281
0.997936
1.00969
0.996539
0.990869
1.00034
1.02102
0.890375

1.00578
0.996880
1.00094
1.00768
0.996642
1.00388
0.978296
1.01960
0.993143
0.998525
0.999544

1.00998

0.997147
0.978405
1.02478
0.997153
1.00625
0.993216
1.00384
0.999663
0.994377
1.00886
0.9879322
1.00414
0.994868
1.00348
1.01427
0.990641
0.998453
0.998642
1.00536
0.990778
1.00111
1.00930
0.995007
0.992349
1.00429
0.990657
1.00319
1.00675

1.00108
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SAJBEN TRANSONIC FLOW (Run 3)
TWICE AS FINE

resl2

resavg

resmax

Convergence rate for continuity equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350
7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830
7870
7910
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310

1.00050
.997701
.994742
.993643
.992816
.992210
.992906
.991305
.992751
. 992521
.990441
. 988566
.984873
.995892
.997920
1.00070
1.00437
0.999478
1.00676
0.995810
0.996787
1.00139
0.995279
1.00643
1.00195
0.994701
1.00772
0.988474
1.00493
0.992233
1.00070
1.00363
0.998896
1.00138
1.00253
1.00949
0.994233
0.988435
1.00111
1.01085
0.994861
0.998760
0.998856
1.00971
1.00253
0.998371
0.3990073
1.00302
1.00639
1.00462
0.988912
1.01035
0.991474
0.997965
1.02006
0.976907
1.00333
0.993610

[eNolNeNeRoleNoNoNoRoNeoNoNoNe!

1.00216
1.00021
.996831
.994346
.993693
.991719
.992600
.992011
.992266
.993811
.993017
.993136
.991333
.995359
. 996542
.998115
1.00069
0.999795
1.00153
0.996457
0.999550
0.998175
0.998207
0.998744
1.00225
0.997689
1.00046
0.996941
1.00094
0.996226
0.997553
0.998591
1.00022
0.997324
1.00297
1.00550
0.998172
0.993310
0.998126
1.00792
0.997266
0.999869
0.999016
1.00644
0.999384
0.998064
0.996713
1.00311
1.00172
1.00125
0.996241
1.00456
0.994823
1.00062
1.00961
0.989606
0.995443
0.997764

oleoNoNoNoNoNoloNoNoNeoNoNeNe)

0.988710
0.997385

1.00180
0.995274
0.991985
0.991866
1.00476
.986801
.998828
.988048
.997519
.990607

OO OO OO

1.00220
0.995923
0.995177

1.01899
0.989736

1.01141

1.00143
0.982836

1.01398
0.989238

1.01478
0.997338

1.00101

1.01303
0.978319

1.00228
0.995262

1.00207

1.00731
0.986487

1.01062

1.00394

1.01660
0.983401
0.989654

1.00089

1.01859
0.985498
0.998626

1.00307

1.00548

1.00742
0.993720
0.995759
0.998013

1.00739

1.00394
0.985094

1.01222
0.999483
0.990391

1.02738
0.967648

1.01653
0.981728

980649
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8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

1.00303
1.00104
0.997280
0.996215
1.00733
0.999767
0.998678
0.9%99689
1.00036
1.00402
0.998961
1.00288
1.00044
0.998200
0.996930
1.00066
0.999692

0.997739
1.00164
1.00196

0.997258
1.00504

0.994410
1.00367

0.9988315

0.998021
1.00441

0.9996594
1.00140
1.00328

0.996725

0.999350
1.00208

0.997218

1.00894
0.998565
1.00480
0.988904
1.01069
0.997051
0.995965
0.999155
1.00417
1.00641
0.993266
1.01204
0.992496
0.999855
0.994738
1.00120
0.998300

Convergence rate for x-momentum equation

6030
6070
6110
6150
6190
6230
6270
6310
6350
6390
6430
6470
6510
6550
6590
6630
6670
6710
6750
6790
6830
6870
6910
6950
6990
7030
7070
7110
7150
7190
7230
7270
7310
7350
7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7790
7830

0.999523
0.985548
1.00371
0.998422
0.982669
0.996731
0.992945
0.988994
1.00454
0.989625
0.891738
0.995699
0.987920
1.00258
0.996150
0.993689
1.00234
0.999136
1.01608
0.993845
0.9985255
1.00871
0.991215
1.00969
0.998412
0.9396119
1.01176
0.988820
1.00685
0.993681
0.998607
0.999549
1.00259
0.999763
1.00560
1.00322
1.00238
0.985563
1.00011
1.01410
0.992472
0.996908
1.00354
1.00357
1.00102
1.00314

1.00064
0.999851
1.00053
.996712
.991137
.994478
.994032
.992178
.996628
.994435
.995855
.995615
.994717
.999244
.997840
.996254
1.00026
0.998959

1.00289
0.997226
0.997581

1.00077
0.987790
0.998932

1.00207
0.996814

1.00349
0.996406

1.00165
0.996484
0.993905
0.998882

1.00097
0.995501

1.00587

1.00299
0.999794
0.993111
0.997261

1.00992
0.995974
0.999696

1.00194

1.00331
0.998403

1.00129

CO00O000OOOOOOO

1.01081
0.987751
1.02020
0.994695
0.980716
0.998924
0.988604
0.993454
1.01053
0.990564
0.980047
1.00749
0.970679
1.01798
0.992983
0.994644
0.996305
0.997781
1.02806
0.985916
0.999604
1.01570
0.981343
1.01395
0.994825
0.998435
1.01546
0.983213
1.00576
0.997388
1.00387
1.00102
0.998933
1.00627
0.994992
1.01578
1.00125
0.974799
1.01141
1.00981
0.989716
0.991078
1.00684
1.00408
0.996054
1.00770



— 7870 1.00427 1.00227 1.00540
7910 0.993795 0.997800 0.991638
7950 1.00773 1.00662 1.00803
= 7990 0.997739  0.997264 1.00266
o 8030 0.993244 0.997156 0.992484
8070 1.00888 1.00532 1.00115
8110 0.986864  0.992432  0.993049

8190 1.02408 1.01318 1.03301
8230 0.979007 0.988269 0.978261
8270 1.00095 0.993080 1.01467
8310 0.991061 0.995668 0.986317
8350 1.00259 1.00064 0.997411
-, 8390 1.00627 1.00405 1.00728

- 8470 0.995830 0.997101 0.987844

8510 1.00561 1.00547 1.00563
- 8550 0.998651 0.996977 0.997744
- 8590 0.999570 . 0.999553 0.998992
i 8630 1.00156 1.00092 1.00782

8670 0.998703 0.999306 0.994219
T 8710 1.00099 1.00174 1.00664
8750 1.00385 1.00283 1.00210
8790 0.995162 0.996361 0.990226
8830 1.00036 1.00419 0.998776
8870 1.00427 0.998373 1.00936
8910 0.996481 1.00041 1.00014
8950 1.00273 1.00183 1.00757
8990 0.994597 0.996255 0.981169

!
i

= Convergence rate for y-momentum equation
6030 1.00518 1.00606 1.01421
_ 6070 0.995899 0.998777 0.980055
6110 0.996079 0.997059 1.01047
S 6150 0.995805 0.994419 1.01235
- 6190 0.985652 0.989883 0.975980
~ 6230 0.991335 0.990196 0.991237
6270 0.989543 0.992176 0.984778
o 6310 0.93%0938 0.988457 1.00626
- 6350 0.993870 0.992901 0.985806
= 6390 0.991908 0.991403 1.00430
= 6430 0.991818 0.994206 0.985965
4 & 6470 0.983035 0.992949 0.986529
- 6510 0.994289 0.994365 1.00028
- = 6550 1.00133 0.998178 0.982956
6590 0.994542 0.997065 0.991760
il 6630 1.00170 0.998421 1.00345

6670 1.00305 1.00207 1.00830
6710 0.996047 0.998754 0.991900
6750 1.00542 1.00308 1.00226
: 6790 1.00200 1.00092 1.00264
- 6830 0.996315 0.996188 1.00393
6870 1.00860 1.00417 1.00946
6910 0.991750 0.995168 0.991042
: 6950 1.00794 1.00322 1.01516
- 6990 0.999313 1.00316 0.983334

7030 0.995547 0.996535 0.997551
—- 7070 1.00749 1.00164 1.02129

7110 0.993345 0.999421 0.977152

7150 1.00600 1.00363 1.01097

7190 0.992977 .993600 0.985103
. 7230 0.996247 .983602 1.00608
—_ 7270 1.00216 .999170 1.00784

7310 0.996250 .999794 0.988096
- 7350 1.00269 .999182 1.00679

(-
L

[eNeNeNeo Nl

8150 0.996382  0.999224  0.988039

8430  0.999219 1.00013 1.00164
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7390
7430
7470
7510
7550
7590
7630
7670
7710
7750
7730
7830
7870
7910
7950
7990
8030
8070
8110
8150
8190
8230
8270
8310
8350
8390
8430
8470
8510
8550
8590
8630
8670
8710
8750
8790
8830
8870
8910
8950
8990

1.00431
1.00495
0.999911
0.997028
0.998719
1.00771
0.9395604
0.997536
1.00510
0.996618
0.998388
1.00430
1.00215
0.999227
0.999407
0.994885
1.00498
1.00812
0.986443
0.998668
1.01248
0.988698
0.997360
0.998242
1.00033
1.00771
0.995071
1.00116
1.00151
1.00093
0.993123
1.00774

0.998623

0.995628
1.00840
0.994581
0.999680
1.00237
0.998714
1.00333
0.992334

1.00486
1.00494
0.996774
1.00023
0.995541
1.00837
0.997038
0.996999
1.00355
1.003459
0.995916
1.00146
1.00159
1.00038
1.00085
0.996996
1.00247
1.00438
0.994122
0.997712
1.00955
0.991261
0.994962
0.996017
1.000898
1.00663
0.997202
0.999874
1.00263
0.997351
0.996534
1.00488
1.00028
0.998243
1.00569
0.996410
1.00228
0.998177
1.00052
1.00309
0.993935

0.997153
1.01486
1.00039

0.985291
1.00052

1.01732

0.989307
0.996034
1.02171
0.976667
0.998754
1.01234
1.00260

1.00506

0.990957
0.983157
1.00392
1.01522
0.981095
0.987531
1.02158
0.993363
1.00014
1.00190
0.988300
1.01800
0.987369
1.00285
1.00525
1.00396
0.999484
1.00203
0.991959%
0.994745
1.00911
0.991826
1.00007
1.00451
0.996824
1.01637
0.976076



